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Abstract;
This poper documents an analysis of a design by
Percy Ludgate, during the years 1903~190%9, of a
program-controlled mechanical calculator, or analyticel

engine. The wachire is then compared with ites modern

29

i

counterparts, leading to a design of an electronic

digital multiplier using ¢ logarithnic principle.
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INTRODUCTTON

A short account by Ludgate on his.arzlytical machine appesred

in the Scientific Proceedings, Royal Dublin Society, April 1609.

A paper documenting a scarch for further information on Ludgate sond
his machine ves carried out znd docusented by Randell in 1971, [1}
No new information concerning the machine's design was discovered,

d

the only scurce of infornation on vhich this

making the
report could be basad.
Ludgate is varely mentioned In the introductions to standaxd

&

camputing texts, with the resuvlt that they jlump from Babbogi's work

cd 1931) vhen

(started 1834, endad 1871) to that of Ailken {atar

R

considering prograw-contrelled calouletors.
Cne purpose of this paper is to documant an enalysis of Ludgate

the report.

bl
L

wmachineg eft

The design is then compared to conventicnal systoems vith a
vicw to determining any aspects of the wschine not yveb used in
modern machines. This leads to a2 new design of digitel electronie

multiplicer based on the legarithmic principle vsed in Ludgate's

Finally the przcticability of this type of multiplicy and further

applications of the legarithms ave discussed.
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Adder inputs to nth stage

arry from nth stage adder

4,

g ORI e
CarrV=£ave-adosy

sum fyrom nth stage adder
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CHAFTER ONE

BISTORY OF CATCULATING

The intention cf this scetion is to give an outline of the rajer
advancee in caleulating machines, prior to the publicsticn of Ludpate's
paper in 190%. This has been summnarised in a time chart (figure 1).

The exanipation and reading of caleulating mzchive decigne
[ref. 2 to 10] greatiy helped in the analysis of the proposed analyiie:

engine.

The early digitel mechanieczl caleulators ean be divided iuto
three groups, desk calevlators, difference enpines and analytiecsl

intended teo reduce the Lime and

engines. The degk caleuvlators worp
errors of simple caleulstions end vere not avtomatic. The eavliecr type

of this caleulator, such @s Pazcal's, could only add or saubtract. In

1671 Leibniz produced a design for a coleulator that could also multiply.

It was not until 1820 that the first calculator copakle of all four
bagic arithm&tialop&r?tions was nzde for commercial manufacture. This
]

wvas the 'Arithmometer' of C.X. Thowss. The "Millionaive', designed

by Steiger, was a wove notable carly success and wae again capzhle of
the four arithmetic cpevations. The 'Milliocnsire' and a machine by

5 & s
Polle were unusual exauples of ralculzters in thot they performad
i b

piication by a direct methed, zud not successive addition 8 in

i

rult
most other wachines [4)]. In these machines the operands had their

.

separate digits multiplied by what was basically a table look-un

= 3 =

%Y



systen.

onceived by

(4]

Around 1786 a new type of caleculator design was

fas)

Muller. Thie was the difference engine. In 1812, probebly unaware

5

of Muller's work, Charles Babbage began the design of a difference

tiffevence engine

s

engine and In 1822 completed 2 working medel. A

;:;J

enly suitable for the autovatic cazlculation of methemitical les

functions whose higher order differences are constsnt. The engine

2 e

or michine comprices a register for each order of difference and

mechaniem for adding the data in each ropister to that of the next
lower register. A concise deseription of the principles of zuch a

machine has been written by Bebbage [2] . Despite its simplicity of

action; 1t was pet vntil arvound 1854 {la rance engine, with

1

a veeful number and size of rvegisters, construeted., This was

desigued and built by Schoutz.

3

Babbage's analytical engine was to be mere poverful than any

diffevence engine, with the results of caleculations being able to

never conpletad the conotiu

of

clddn

affect the futurc instructions of the machine. It was Lo be capabtle

of sutomatically computing any algebraic -foermula for which there
a solution, giwven the inditial values. The machine was to be
and dota cowmunicnted to it by punch cavds,

'he principles of punch card controlled machinery were first

demenctrated by Douchon betwesn 1725 and 1745. By 1804 Jeeguard wa

this method of contvoel for weavine cloth aulonatically., &
L)

short account of punch ceud control appcars in Morrison [9] .

vas

controlied

&
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There are severzl descriptions of the principles of Ba
analytical engine [2, 7, 8]+ The original drevings azud parts of

the machinge can be seen at the Science Mugeum, London. The desipgns

for the engine included & mill where the arithmetic cporations of
addition, subtraciion, multiplication and division were to be

performed. MNumerical date vas to have been stoured on 1000 colunns

of wheels. Each number was to have a separate column and the position

of rotatien of each wheel was to reprasent a cepayate digit., Ths
unbers were to be to 50 dacimal places. Babbage intended to use

two different sets of punched cards for convaying numerical data

1

and alge ate formulze (program) to tha machine. Shortly befere his
death Babbage built the aritlmetic and printing units. FKis son,
Henry Babbege, continved working on the analytical engine aftar hin
fathey's death bhut it was never coapleted,

It ehc be realiced that at the “harles Babbage vas
designing end building his analytical enpine, desk caleuistors with

wroial

four erithmetic operations hed not yot reschod any notable coo

SUCCEE8.

It was in 1909 that Ludgate published what appears o be his
only report cencerning his design of an analytical engine [11]
e wentiens here that in the ezxly steses of his work he had no

-

knowledge of Eubbage's ensines znd that later on he only had a slizght

&%

knowledge of them, limited mainly to theiy mathomatical principles.
At is cleay from reading reports on Babbage's and Ludaste's analvtics]
engines that they are mechaniecally completely different and that tho

-

principles behiind each can only be compared on & genoery

,

o
nd
d
o
b

"

]
S
%



Ludgate ctates briefly in & later paper [7] that e bhad nesrl

completed a second design,
" «c.o in which ave combincd the best principles of
both the anslytical and difference types, and from
which are excluded their move expensive charactevistics,”
No further infermation on this dasign can be found.
| Fron this sumuary of calculating machines it can be scen that

g

O

Ludgate's work appeare ovigirzl and worthy of investigation. The
following two chapters of this report prefer in detail to his first

degign of an analytical engine.

v



CHAPTER Two

RO T
DESCATT

2.)  DEFINITE

CTOAT ERG

It is con start with & more detailed description

.

of what Ludgrte consideved the necessary opevations and facilities

of an analytical engine. This will give a clearer pilcture of what

lodgate waes desipning.
In his 1209 peper Tudgote wroto that the object of his vark

vas to desipn

"nachinury copable o
howaver intricate or labowvious, without the

1

Jumedinle gufdunce of lwwman intellect.®

-y

The required cperations of an analytical enginz ean be extracted
from his report and can be enumerated as follows:

Lo A fomm of commmication between machine and operatox.

” neans of stoving the nunoriczl daty of the

a
L P ]

problea”; pluos the intermedizte results and final

3. Capacity to submit ".... any two of the nuwbers stored

]

to the arithmetical eope

3

wultiplicztion o divigion.

4. The ebility ".... to foller a pavticular lav of

o
W

ewpresied by an algebraic formula.”

developmant



5. The ".... changing from one formula to ancther as
esired, or in accerdance with a given mathematical
law."

6. The capacity to ".... "feel' for particular cvents

in the progress of its work"....." and also to make

=

any pre~arranged chavge in its procedure, vhen any

sucl event Gccdau.

t is worthwhile noting <t thie stage that these basic

ater

requiremints alse ocour, but in a differcat form, in & much

.

3

)

report (1946} by von Neumann, Coldstine and Durke conserning

"Preliminary discussion of the logieal design of an clectronie

computing instrument." [17]

The fundamental action of Babbage's maahinfs'v:s addition,
whereas in Ludeste's it was to be "direcet
multiﬁliﬁatioz. In a machinz vhose fundawentzl zction 1s addition,
subtweetion 18 performed by reversing tha procees, woeltiplication
by suecessive addition and division by successive subtraction., Tn

contrast the basic action of the avithietie unit in Ludgate!

1 3

mickine was to be multiplication by & logarithmic wmethod.

In his report he netnions that he oviginally intended to use
ovdinary logarilhws to base ten,

"o but found that sowe of the vesulting intervals

were too lavge, vhile the fact that & logarithm of

> 3

net exist ic an edditional digad

~
m

"

b
o]
fa
ﬂ‘\
‘")

vantage.



prime nwumbers up te 9 x 9 = 81, are forwmed by

He therefore arranged for each of the prime numbers balowv ten
to have associsted with it sn index number. The ivdexss or

logarithms of nen-prime nuwmbers, i.e, all possible products of

&

1 S

the prime numbrrse that form thot product. Appendix
an alg§rithm for writing such 2 system of logarithums.

The index numbers of the base ten system thot Ludgate used
are shown in teble 1. The use of thesge index nurbers in
multiplication can be explainzd as follows. When two gingle
digit numbers are to be ryltiplied then the corvesponding siuple

1

index numsbers ere addad. This resuli is called a compound index

P N '
i procugt is

numbar and by veferring to table 2 the corn
fovand. Two exewples are shown in table 1.

Multiplication of wumbtere of wmore than one digit js broken
dovm into multiplication of single digits. 4n exauvple of this,
using tables 1 and 2, is chown in table 3. The cllewance for the
facters of ten in the multiplier and the 'ezyry' digits in the
partial product addition mﬁfe to be mechanical.

rfevned by using the cams mechanisn as

Addition vas to be

in muleiplication and was to be effected by multiplying the

by unity. These products were then to be surmed zs were tbhe pavtia
producisc of a multiplication. Subtraction vas imilar to addition
cxucept in the fiual stage. Heve a train of gears for accumulating

i

the partial products was to ba votatod the reveres divection.

o
[N
N
»

al

Division was (o be performed in what was then an equally unusua

Fen [13] -

o
S
o
:v-ih
-
rd
bt
0
)
e
rn

my as the m



multiply the dividend by the reciprosal of the divisor.

reciprocal was first tc be estimated by vhat may be consid

a highly convergent serics i
multiplicztion would he xequired to

The theory of the division 1

The reciprecal of the three most

~ A S T L P
=> A.0 begins with

table laook-

idered a
up system. This estinzte vas then to form tha‘biﬁis of
n wvhiech (_‘:ﬁl}? addiiliﬁ'ﬂs
STk

solve its

'3

g follows:

m

&

the Quetient = D

a

sienificant digite of 'd!

o

rp,i

table look-up, Let this be {In

- T s -‘— e :
a2 deciwnl of

20

100 ...

Let A.¢ be of the foym 1.00 ... or 1 + = vhere (et 485 the
fraetion
Then A.d = 1 + 2
~1
. W:!_m :-"-u-\-rf:o—nuﬂ = ‘-ﬁ‘ (1. ‘é' :’::;
LR a 1+ =
Expanding by the binoniel thecram
B 2 5 4 + on o~
LA = & (1 « 2 n" =% 8= oo = n EriE )

wefore

The

By takiug this

correct o a

Quotient =

AL~ )L+ 5L+ X

D.A (1 ~ x) (L

= =

v e

geries as far

t least iyty fligures. Ludgate stetes that the posl

of the decimal point was to be found independently of the formula

10 ~

the propescd wachline

small

cdom



and by a mechanicsl method. This was to be so for multipliication,

addition and subtvaction also.
The numerical data vaz to be represented in the form of twenty

digit variables with an cxira sign digit (i.e. sign magnitude

repregsentation).

2.3 MECBANICAT DESCRIPYION

Randell's coarch feor information [1] conserning the anzlytical

£
0
Ly
L5

engine sugne thet Ludgete nover succeeded in having his machins

L
constructad. The drawings end manuscripts have not been tracod

despite a thorcupgh searchs Thus the 1902 paper in at prescot the

only scurce of information on the machinz and this wes only wvritten

to serve as a chort account
becn posaible
way of te iing st pregent how closely thaoe drawings follow tha

-

orlig

)

inal design. Thoey do, however, corraspond exacotly to the
1 x

description in Tudgate's report and alse serve in the undevsianding

of the mocehine.

Ludgate intendzd his nachine to have & stove of 192 variables

of twanty digite plus & sign digit. Paech warioble vag to be stored
I £ 28

1 1

in a shuttle, the individual digits being represecnted by protruding

(sece figure 2(a)). Two "co~axial cylindrical shuttle-bongs,"
¢ivided iate cowmpeituents porollel to thoiy awis, were to hold the

192 wvariables. The inney and cutey shuttle-boxes would cach contzin

96 ehuttles, (sco fipures 2(b) and 2{¢)) and the store would thevefore



be divided into two distinct sectione.

Ludgate states thuet both the vumber of voeriables and the number
of digits in cach could be increased. Also he senticons that new
,ébuatles, repracenting new variables, coald have been intreduced
after vemoving the old enes. To access & vaviable the store vag
to be rotated uvntil the veriable was brought cpposite a 'shuttle-raca’
or track. The shuttle was then to be dravn out zlong the race. Thore

cne for the outer store and

511

vere two ‘shuttle-vaces' in the degi

3
one directly below for the inner store. Thuc twe variables on the

gsams axde but different stoves eculd bo accesend simulto:

’

This can be secn wmorve clearly in figure 2(e).

aets of the analysie nol vet

o sy g N
It appesrs from congd

the wmzchine, any two varisbizs to

mentioncd, that whan pry

be multiplied may lbave to have been stered oo the ssme axis. The

H{Eferont anes

M

s no sugpestion in the report that two veariabler on
in different stores could Le wmultipliesd directly. Thie wny have boon

pessible, howzver, by taking a shuttle from one of the stores, roleling

tore, The variables

ey

the stores, and taking another from

would have been vultiplied and the shuttles returned to th

2 1

respective locations. This type of cperation covid have bezn

&

L

o

avoided but storage would have been vasted. e machine's erpacity
to ¢o this would have determined its control wechanism complemity,

sy i

¢ Unit

1

A system of slides, calied an index, wns to coavert the variable

on the rods of an ocuter chuttle into distznees corvesponiing to tha



e

to be stepped as showm in figure 3(¢) and were to be in Jins before

i

operation as in figure 3(a). They were to be relezsed and noved

a
forvard until stopped by striking the "type! of a shuttle as in
figure 3(b). The distances moved are logarithinic displacements of
the twenty digite in the ghutele

In the cesign, the protruefcn of the rods in 2z shuttle i
governed by table 4. The slides arc stepped in distances cerrceponding

te the simple Index numbers, as shown in figuve3(e).

bl
Figure 4 is an overall sketch of the srithmeiic unit of the

machine and ghould be roferved to when reading the foliovir

i

desciription.

The design includes only one bLank of slides, running ggasnst
rads of an outer shuttle. A single zlide moves in the cppasite

L1

divection to these slides and rune against fhe wost eignifi

digit of an inney shuttle. This single slide 3 atischad o the
iudex, which then also meves a distoase corresponding to the simple
index of the most significant digit of the mueltiplicy. The

resultant displecements of the slides ave compound indoy nuoh

(i.e. simple index number of most significant digit of the inper
varizble added to each of the index Fﬁmﬂ“;c of the digits of the
cuter variable).
It is not clear in the report how Ludgate intended to coavert
these relative displacements into the partial product. He states:
"IThe nunzrical values of the re cadings" (conpound
index nuwbore)'are indicated by poriodic displzcoments

of the blodes menticaed, the duvaiion of which



displacements are recorced in unit:
the driving shaft on & train of wheels called

the mill".

After these compound index numbere had been converted teo the
partial product and added to the wmill mention wed above, the process
wvas to be repeated again. he single index wod then runs against
the serond most eignificent digit of the wultiplier. The will,
beiug & train ol gears, vag Lo be capeble of allowing for the
carrying of tens vhen summing the partinl products aud zlloving for

each time a partizl product is added,

=
i
n
o
2
i
s
o
£
a4
[N
o)
=
o
et
=
'y
o)

ation of how the results in the miil wers to

b

be returned to the store. Vigure 4 includes a possible methed,

» ¢
i

agein using stepped bars.

T trken

Multiplieation of two twinty diglt numbers wes to have

Y somavoEinier | awmserdan 1 B L RN A G
1% minutes maximum. Add and sublfract

3
[N
<
e
i
i,
3
<
»)
-
o

ten  secondsg ant
srere wultiplication by uni ’; It appears from timings given in

the report, that to add or svblract neenssitated the variable

being in the outer store. These operations woxe then to have taken
a time of three seconds each. If it vas possible for the verieble

-
{

to e in the iracr stere, it would have been multiplication of unity

-t

»..4

by the variable with & time corvesponding to that of an crdinavy

multiplication,

There is no mention of how the machine was to deal vith the
double Jength words that mny be preduced in the srithuetic uni .

Presumably there was to be no provision for nunbors greater than

the report indicate whether

twenty decimal digits.



“r

overflew of this type could be indicated by the maching and how
such & number was to be reduced to a single word length.

Control, Tmput/Qutput

1

Ludgate's method of control wes siwilay to Rabhaoe's in that
both used a Jacquard system. DBabbage vas to ugse pevforated cards
vhile Ludgate designed his mechine to use porforated tape or

'formula-paper®. The information in the perforationrs or holes

was o be converted to mechanical displacements by rods. The abscnce

or presence of holes was to determine the instruction in mecha

).1
H

movement e, One functicn of thie 'formula-paper

.

the variables werce to be stored and which shuttles were to be

cperated wpon. Lach row of porforatiens wag to divest the machine

one step of a caleculation, i.e¢. a complete multiplication including

the accessing of the two varinblee.

For cnleulations that did nmot warrant & 'formula-peper’, the

design dncluded a keybeoard. This was to control the nechine znd

also to act as a mweang of punching & new 'formla-paper!.

A second keybootd was included by whieh numbers ware to be
communicated to the machine. The maching was also teo bz able to
produce a 'mumber-paper' which could recérd rumerical data. This
covld then be rveplaced in the machine and the datae re-entered.

To eavoid having to repest a series of instructions on the

B AP I

"formula-paper! every time a divide instruction occurved, Ludgate
deviged ¢ subroutine. When a division was indicated on the
'formula-paper', conitvol wag to be passaed to o dividing-eylinder.

or owas to contein the veguived povforations.

- 15

Led

vas to select where



The reciprocal of the three moet significant digits of any

divisor was to be found from a cylinder, the 900 possible values Leing
o 3 p o

represented as twenty digit numbers in the form of holes one to nine

digits deep. Roeds were to tvansfer the reciprocal to a shuttle.

A logarithmic cylinder was aleo te be included. 1
principle was similar to the divicding cylinder but with the peET-
forations for caleulating & loparithuic formuls. Tudgate intendod
hie machine to sccept control eylinders of different funciions.
One of the powers of the wachine was to Le its akility to

change controel from one formula to ancther "in aceorcdance with a

given mithewatical law." It was to "feel' for ovents in calculations

such ae changes in sign or approsches to infinity. TLudgatc only
mentions this briefly, branching was

probably to have been accomplished by skipping specified rouws of
instructions on the 'formula~paper’,

There is no way of determining exectly the instruciions that
were to contvoel the machine. This §s5 larpely due to not being able

to determine which pairs or single chottles can supply variables

for an srithmetic opevation.
The ingenuity of the design can be appraciated vhen the size

of the proposed machine is considered, Ludgate gave the ¢i

sensions

-~
p

as 20 inches long, 24 inches brosd and 20 inches high. This is
considerably smeller thaun the engine deeigned by BDabbege which

vould have bheen mozsured in foet.



CHAPTER THREE

¢ LUDGATE'S MACHINE WITH IT7S

Vi

One purpoce of compering Ludgate's mschine with ite modern
counterparts is to determine wvhether tbrre is any undeveloped

-

aspect of hie design which could be uvsed in a moadern conputer.

8

Fivstly the about the wachine hes to be put ioto &

form that can be modern designs. The block diagram

of the enginc. The centroel sections

el

A

ik
=
e
o)
53

(fipure
re ouitted sines they camuot be precisely defined. Ezeh 'block!

in the diagram is under the direcetion of 2 contysl systen vhich in
turn receives inctyuctions Irom the kﬁyhoafd or 'formula-tape'.
It ie not possible to judas whether the input/output of numericel

data was to bo via the sccurulator or dircct to the storea.

i<t

,The gtore is vepresented as two separate wnits. The removal
of the shuttles from the store to aceces the date has been vepresented
by a mencry buffer. The register IO corresponds to the slides of
the index which were to cffectively stors the variable by tha

displacements, while multiplication took place,

Aan example of what one line of perforetions acrcgs the

ferrula~paper could direct the machine to do, is the sclecticn of



two variables and the multiplication of them. This is stated in the
report. A set of instructicns on which the engine cculd operate

It is pegsible to have

wn
N

has been devived and tabulated in table

such a wachine wvorking on the opevation codes oue to sleven in the

table. Thia restricts its moltdiplication/division to veriables
with the same address but in different stores, (i.c. same axis).
This may have beecn overcome by data being transferred arcund the
store via the mill, fhaugh this proecess vould have beon very slow.

Opevaticon codes twelve to fifteen allow temporary storags of
data on the index slides and a temporsry storage register "I'' common
to both stores. Thesa vovld lisve pevwmitted faster avithoetic
operations on variables steored enyvhere.

5

The formot of o possible instruction word Is given in figure 6.

This shows the stove as being two interlcaved stacks with doublsa

h..,_‘

%

addreesing for adjacent locations, i.e. twe bit store address and

seven bit word location address.

Fote
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Figure 7 gives a flov chart of the sequence of stages
a wachine for the multiplication of two vaviasbles with the zame
address but different stores. An explenstion of this is given
opposite figure 7. Figure 9(z) gives the in truction words for
such an cparation following path Mdrof the flow chart. Multiplication
of variables stored in different formations is explainad in fipure
&. Trom figures 7 and 8, it is obvicus that for the lowest
multiplication time, the veriables wmust be clored with the saue

address in cach store. This enables them to Le access

aneously,



‘matical use. Therefore it should be cons

3.2 COMPARISON

In the conclusion to his report and by coneidering the previous

chapters it is clear that Ludgate intended his machine for methe-
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The basic layout of the machine closely follows that of todays
machines as did Babbage's design. They all have avithmetic, control,
input, output and store units.

sides the main stere, the machkine was to have a recd only

b
i

store for finding the reciprocals in the division routing. This
can be deseriboed ar a predecessor to soue of teday's read only
nemories.,

It appears thet Ludeste was atteapiing to reduce Lhe numbar of
separate store accteses by dividing the wain steore in twe and and
enabling double zccass. This facility bhas been included in ihe

Atles machine [14] . Iere the core is gplit into four stacks, cach

having its owm read, write and decoding mechanisws with a page of

instructions spread over two stecks. Due to this, it ig pog
to read a paiv of consecutively stored instructions in parallel,
Another machine that Ludgate's engine can ga compared to in this
aspect is the T.BEM. 70%4. This has a facility for veguesting two

has & 72 + 1 bit parity word for

even and oddé addresses [15) . The Control Data 'Star’ computor
has the facility of removing several operanda from its stere

sirmltancously.



The total capacity of 19Z2-variables seems very low, zlthouph it
was menticned that this could have bean increased. There was

&

pravision in the d&blgﬂ for perforated paper storage ocutsids the

nachine which can b2 coupared to magnotic tape storage of tod:

IS

The proposed data word length of twenty decimal digits (vequizri

=
(3

sixty bits for binary representaticn) is large even by today's

-

standavde. Tt 1s comparable with the 1.B.M. Stretech computer [16] &
£ 1

the early electrowmcchanical wachine, Hayvard dk 1 which had
twenty-four wheels representing twenty-three deciwal digits and

a sign ¢igit

The cyclic access pfiuciﬁlﬁs of ludg
most vocuum tube cowputers baf today they form the basis for senn
types of backing store (e.g. disc).

The removing of shutiles from the stors to the index way be
considored a destructive vead. The variable must be re-writtcn into
store (f.e. shuttle replaced).

The advantages feor Ludgate of stoxing‘iﬂstructinns in the main

store, &¢ in most clectronice computers, would have bzen groatly

outveighed by the mechanical disadvantages of ceomplexity znd relativ

slowness.

Unit ' y

Multiplicatiocn iu modern computers is normezlly perforwed by
repeated addition. This ig similar to the ‘pencil and paper' method
The besic operations of these machines are addition and subtrazction.
Ludgatz's design for a logavitliic multiplier appears to be unigue.

o

The potential of this prineciple is examined, with regard to nedera

- 20



technology, in the following chapters.

Subroutine methods of divisien by finding the reciprucal of the

divisor have been discussed in scveral papers [17, 18, 19, 20, 26] .

1 1946 von Neumauon considered the use of an iterative schowe by

this methed. This was compared to z hardware design with the

resulting reconmendation that the hardware divider was built. This

was due to cost/specd considerations. For Ludgate to have included

a separate mechanical divider in his machine would have edded to

the cost and complexity considerably.

Tibcﬁ an jdenticzl routine to that propoesed by

Flynn [?7] des

Ludgate for determining the reciprocal, while Vallace [16] and

“ = * < i . . . T S S b O
[1¢] dagerile o wore common appreach usivg o Newton-Fophson

the

oda

t

al sopproximabtion to

PR

reciprocal. The accurzey of this approximation detormives the number

of stages of caleulation noeded to find the recult te the pequized

nethod. of table look-up to determine the initiel

approximation has been used in the I.B.H. Systea/360 Model 91 [21] .

The division rvoutine in this I.B.M. wacliine is discussed, and

lmprovements sugoosted, by Almad. [26] The routine is identical to
1 < £

feod binzvy

Ludgate's in theory, althoupgh it is applied te bit

number syctem,

Control, Input/Output fneilities

In Ludgate's wachine, these bear & strong rescublance te medern

methods although they would have bLeen primitive in most aspscts.

Hig dusign included two paper-tape readers; formula-tape and

unuwber-tape.  Thus instrustions

21 -

wers kept coupl

sl

5

-5,

senaralae.,



These readevs were also designed to produce new punch

creating a bzacking store. In wedern machines, technol oy

these twe types of punch to be combiuned into onz unift.

Lt is not possible from the v
or mill) was fo accept or output deta. Thus, wo comparison can he
nade here although both metheds have been used since.

sine and of &

m
i

His dasign permitted keyboaxud control of the nmec
printer. This is a common facility today. The method wevtionad

carlier of conditicnzl branching is primitive by teday's stendards,

though it does compare with the condit

st computer, the Harvard Mk 1 (1944).

now cousidervaed the f

Judging from the linited evidonce previded by Ludeate's 1909

repert, it would appear that in theory wmany featuves of his

are similar to equivelent aspects of

hend there is little mention of practical consid

Ludgate himesll states in his later report {7] that

M‘.

"the true caleulating wachine bzlongs to a poesible

rather than ackunl class, v

wb to determine vhich unit (stor:

mocern computcers.  (a the other
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CEAPTER TFOUR

LELEKO”“F LOCARITHMIC

As noted earlicr one unusual aspect of Tudgote's machine is
use of logerithms to effect multiplicstion. In this section it is
intended to describe the develepment and des g of an electronic

nultiplier baced on the same priveiple as that proposed by Ludgate.

The deeign wais considered for construciion in Trzusietor Transiston

Lovie (T.T4L:)

[
r—t
oy
]
[
v
L]
o

Ludgate vrote his lopgarithms to base ten, (decimal).
of legarithm way be written to any base, (sce Appendix ‘A'). It

important when caleuloting theee logerithme to make the gimple index

e
rn

mumbers 2s low 25 poszible. This redeces the conplexity and propagation

for ite

ry
w
(="
jsu)
o
o
o
n
o
o]

delay time of an electronic multiplier when ugec

By writing the 103&ritﬁws to bage eight ov base four it becomes
possible to convert a binaty number directly into its lopavithm. This
is done by exzmining and converiing to indexss in three or tvo bitg
groups respechively,

With the base eight system a four digit octal word (12-bit binary)

o

- 23 -
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can have ite digits converted to simple index nuiwbers in four
separate parvallel stages. This makes it possgible to wmultiply twe

twelve bit numbers in four eycles by multliplying by threc hit Eroups,

A sinilar approzch but using base four legarithme will require six

HS TO BAST EIGHT

The logarithms or index mumbers written to base eight are
contained in tables 6 and 7. A general outline of a wultiplier

veing thece logarithms will be considered

A schematic plan of the wultiplier is piven in figure 10 24
2 P & ¥

s

labelled path through pert of it in figure 11. The design {s Laccd

Lwelve bit hinary nuwbers.

on the nwog

it
oy
il
)
.

can casily be modified for othey word leagthe. It fs moi
to mumbors with bit Jengths that are wultiplics of three as it
'views' three bits of the multiplier in ocue eyele.

be descr

oy

bed in the follewing

s

The action of the multiplier ca
HEQUONCESR
1. The feour octal digits of the multiplicend and the
least significant octal digit of yha maliiplicr are
converted in five parallel stages to their simple
N indes numbers.
2. The siwple index numbor of the nultiplier is added to
i

exch of those formed from the multiplicand. Thus four

1

compound. iudex nunbers of six bits cach are produced.

- Dl



ST mEs s "SR EEEEEEEE]

(ﬁ.
¢

(oL
.

These six bit compound index numbers are converted
to six~bit (two digit octal) semi~partial products.
The mest significant octal digit (3 bite) of the

semi~partial products are added to the least

significaut digit of the next bighest semi-partial

product. This is similar te the preocedure degovibed

“
b
=
ety
©
=
&
&
A
=

by Ludgate fo

The result of the previsus stage may be consl

& complete partial product eince it is the vroduct
of rultiplicand arnd three bite of the multiplicr,

+

This partial preduct is gtored in a parallel lead
shiit registey,

The complete partial proeduct and mueltiplier are noy
shifted right three bits. This shift aligns the
next sigonificant three bits of the twltiplier ready
for the next cyole, The shift of the complota
partial proeduct is to cempensate for tha muitiplication
factor of eight. (This is comparable to the multi-
plication by ten in the will of Ludgate's machine).
The cyele is5 now repeated with the next three bits
of the multiplier. The conplete partial product
forwad by this eycle 15 zdded to the previcus one
and the sum and multiplier simultancous ly shifted
right three bits. Tour cyeles are reguired giving

& finzl product of twenty four bits.



The connections through a path of the multiplier &s showm

e
4
-

figure 11 have been labelled to correspond to the fol lowing

.

des ptions.

Storage Teeister for Multiplier and Multiplicand

The multiplier and multiplicand are held in twelve bit parall:

load/cut registers, (assuming parallel mode of machine strueture).

.

Twelve binary latches are required for the multiplicend and a shift

right register for the multiplier. It is advantazgeous in the nant

stape that both these vegisters should-be able to supply the complement

of the pumber stored.

Octal Dieit Lo Simnmle Ind 2%, Convepter

H

This legic circuit converts 2 three bit unit number into its

simple index nunber wiieh hes a moximum range of six bits. (The

slx bits are required to accourodate the iundex of zevs). Ons

important considevation in tnc degign is to preduce a cirguit with

a minfwwm celay: Figure 12 is such a eiveuit with a propagation

delay of two gates.,

Simple Ynden Adders

Four six bit adders ave rcquired to zdd the simple index
numbers. Since the length of the index nuwbers is enly six bits,

medivm scole integrated (M.S.1.) circuit addexs with vipple carry

w2y be used. (Carry aunticipate circuits compare with short M.S.I.

adders in spead, [?23] , this can be verified for a six bit adder
using propagation deley dats of 'Texas Instruments' conponente,

[22] . ‘The daisadvantage of a mere complicated circuit outweiphs

the advantapge of an approzimate five nancsccond reduction in delayv.

¥



A geven bit number from the adders can only be produced if the
index ¢f zero is added to itself, (i.e. O times 0.) This gives a
compound index result of octal 112. It is fortumate that in the

logarithms to bhase eight there 18 no way in which a compound ins

of cctal 12 can Le produced. Therefore by ignoring the most

Pa-'
{}
=
a8
=
o
rt

significant bit cf cctal 112 and assccicting semi-partial p

zero with compound index nuwsber 12, the semi-partial produet

Pt
3

reduced to six bite.

This section of the Jopgic converts the sgix bit covpound index
numbey {¥, L, M, R, P, Q, sec Tig. 11) to a six bLit semi-pavticl
product. (R, S, T, U, V, W) Apain 2 main considuration is to
produce a eirecuit with & minivmun prepagation delay.
ity

ise between eivcuits with varying nunhore of eip

=

A conpyond

feur and three input logie gates has to be made.

the most significant bit of the input can be iguooved for the
flrst part ¢f the design. A binavy 'onz' only cecurs here for
output zeve and two other volues. This reduces the Kevnzsuph Map
analyeis to five input variables. The Karnaugh Maps [or this
convercion are ivcluded to show the fawkwardness' of the syclen
(Table 8). The Beoolean equations for tha 6utpu{s, assvming & logic
zero for the gsixth input, are also included. This most Qignif;caﬁt
7

sixth input is included in the final logic diagram, {igure 13, The

clreuit takes inte account the fan-out (maz. 10, [22] ) of the

logic pates. This design reguires 64 gotes of vhich ten are eight

iunput &and has & woxiwon propogation delay timse of four gates.



Without awy optimisation in the design, a suitable logic ciyouit
vequircs 69 gates, 31 of them being ¢of the eight input type. It

also has a marimum delay of five gates.

te Paytial }rcauc:
yiizl Produets

The operation of this cestion of the circuit can be deseribed in

five steps, in conjunction with f{lgure 10.
1. The three wmost significant bits of the provious

stage outputs added te adjeacont least s

l.e. ocutputs from previous legic
mefe =~ RETUWY - 1.5,

added in following wanner

T +W

4 U e A 7 ; - T
By ¥ l¢ “n £ ¥ 4 1; n v

f

where n = nth staoge
2. Above result added to previous compleie partial
product. (Ripple carvy adder bank.)
3. Result 'accepted' into parallel in/out shift

o

vegister of twenty four bits,

)

4. Result and Multiplier shifted right three bits.
5. Ceopy into twelve bi-stable latches, which have
cutputs connected to second bank of adders,

enatling sum of pavtial preducts to be added on

next eyele,

There are saveral poscible designs for this part of the cireuit.
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Figure 10 containg the sirplest which is two bonks of ripple carry

adders. The carry runs gimultanecusly in both banks with the lower

bank of fiftecn adders dicte ting the waximum delay., With this
3

deeign a large percentage of the total maltiply time (approx. 45%)

oceurs at this

This percentage can ba reduced by introducing

Fe

perallel opsration, carry save ox carvy anticipzte techniques. The

=3
o
oy
b ]
—
—
w
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7
o
=
L

o are includad later as they fnvelve a lengthy

diccussion,

The principle of thig desipgn is exactly the same as the bage

cight multiplicr. The difference is the number of bits of the

'ty

multiplier exswired in ona eyele. Two bits ave exanined and thus

o

six cyeles are roguired for a tvaolve bit wultiplier.
Tables @ and 10 contein the base Four logavithms, The Kernauvgh

map enalysis is easier in both rithn convertere, (L and L'),
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A couplete logic Glagram is shown in filgure

path through the cirecuit in figure 15.

bt z’m'“,rfmm”;_in RO

The Iogariianra maltiplicrs just deceribed con be hought to

operate as a 'table look-up' system. This can bo appreciated by

considering them as *black-boxes', where the variables arc entered
& 3

and the product appears after somo c¢elay. Thesz 'black-bauce' have
been designed to oporate on nuwmbers with a positive binary iuteger

format. They cannot operate on ona's o two's cowplencnt or any

other format., This can casily be proved by taking some eirple



T

and multiplier,

cxamples.

To incorporate negative nuwber wultiplication it becones
T g P

I necessary to use sign magnitude yvepresentation. This reguires

exclusive « (R opeération between theo sien bit
o &
The result of this is the eign of the product.

This short operation cap run parellel with the multiplicatiion.

te of the multiplicand
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CHAPTE

TIMING AWD FRACTICAL CONSIDERATIONS
O THE MULTIPLIERS

This chapter documsnts cowparicon of totel delays through tla

Le

(i3

two types of logarithnic.multiplier deseribed in the lost chopter.

Fefore this, suitoble legic conponcnts are stated and it is en

these that tha del £

5.1  BULTAD

The data for the camoncnts moationad helow 1o basod on te
7400 logic series [22] .
Multiplicand yvegister - three four-bit Lil bisteble lstches

supplying cutput and complement output {(Gype SNV4T5).

Multiplier register - no parvallel in/cut ehift register
with complemented cutput wanufactured by Taxes. Delay

ructed out of

times based on & suitable register cons

discrete logic gates and J/K flip-flops.

Logic gates of converterg (L and L') = the propegation

delays of thess converters ave based oo Schotthy 7.5 L.
¥

o RS S AT 5
inally, methode of reduc




3

Simple index adders - As menticned earlier, M.S.I. T.T.L.

addere way be used. For the base four method: type SH7483

and bage eight: type SN7483 (4 bit) and SN7482 (2 bit).

4~
[

e

Partial product adders - Suitable combinations of four b
and two bit biwvary sddare (ripple carry) and carry~-seve-adders

(SN7482, SKR7482, SH74HI133 respectively.)

Partial product shift vegisters - fifteen bLits of thie
24-bit rogister have to be parallel infout, Tight shift
type (two SN741%28). ,The remainder should ke of serial in

perallel out, right ehift type (two SR7164).

Partial product temps storars regicrter - latches ag in

multiplicand register (three SR7475).

L

. MUTI

in the lopgavitham converters. To com a twelve bit word to

simple index numbers reguives 60 lopic pates in the bace eight
nethod and only 35 in the base four. To cosvert baeck to tha

semi-partial prodect requires 256 gates in basc eight and 78 in bose

four deaign. This nokes the bhase four design chezper znd cazicer

to consfruct.

The propagaticon dolavs for both eiveuits ave showm in figure 106,

3

%

Thece ave besed on the waximun delzye stated by Texas, and applied
to the longeet path throvgh each multiplier. The timinge assvue

- 3 2 5 R T
that the multiplicy aod meltiplicand vegisters bave hecn proviously

t 4



loaded.
When determining the total time for the multiplication the
following points need to be considered.
1. The copy of the complete partial product into the
latches after each cycle can be done parallel with
the bcalv*¥k of the next cycle.
2. The {inal cycle does not contzin shift or latch copy

operations.

e
2
T
@
]
4
]

The cemplete multiplication tim
BASE & ¢ 420 x & - 90 = 1590 ns.

BASE 4 : 360 x 6 - 60 = 2100 ns.

5.3 METHODS OF DECREASTRG THE TOTAL PROPAGATIQ W DLLAY

Thexe are five methods of reduci the delay of the logavithuic

bl
’@

—t
.
)

civcuits. They invelve:
1. Parallel opervation of sections of the circuit.
2. CGarry anticipate
3. Carry store

Lo Skip eyele 1f wultiplier bits are zero

"

e}

5. combination of 1 and 4 with 2 or 3
These techniques can be applied te both circuits but will cnly

be considered for the base eight multiplier.

1. Parallel 1 overation of scctions of the circult.

This requires that the first bank of adders in the partial
product add stage should be of the carry-save type,

The principle of the pavallel operation is to divide the circuit



into two. This is done by storing the

carry-save-adders

1

in latches and oper:

»

carry and sum from the

:ting the logic before thenm

in pavallel with that after. The logic diagram cun be scen in

Figure 17 and the timing diagram in figure 18 contains the tolal

delay of this mathod,

130 ne with this

metheod.

There are two mein disadvantages

There is only an approximate reduction of

thie eirecuit. Firetly,

contvol signele becowe more compler with two separate shift controls

requircd. Sccondly, the cost

adders and more latches.

all the inputs to the adders and simultancousl

for cach stage.

adder stage to give the fivzl cum. The

97

his is discussed by JTewin [22] .

4%

The principle is to exsmine

These cayrie 8 ave then

increasas due to the use of carry-s

ot

i

delay for such a civeuwit

penerate the carrvie

applicd to the appropriat

eight gates for the sum outputs and seven for the final ctese carry

output. The caryy anticipate ig, as normal, considered heve in

groups of five

A bark of carry-csave-sdders has to be us Ld 2gain and vith

Schottky T.T.1L.

the delay time for the partial preduct stage is

Carry anticipate: 110 us 4+ 1

M.85.%T. xipple ecarvy: 188 ns.

The time for a baze eight multipl

to 1350 ns but involves & larpge increa

expensa,

8

ica

o3
[+

ns for C.5. Adders

tion reduces from 1590 s

in c¢cirveuit complewity

}3Luvc 19 gives the circuit for carry anticipate.

and



&

3. Caxrry Store

In this system the adders nre all remlzced by cariy-gave-ndders.

ES
The carry from each stage is stored and added back two adders to

Ty& 8

the right after the complete partial product has been shifted vight

three bits. After the Final stape the carries zrye added to the

approprinte zums in & fourteen stage ripple carvy adder. This
principle is shown in figure 20. This agein regizes extra control

signals and logic. The delay is now reduced to 1420 na.

4.  Skip cycle 1f wultdy

When the multiplier bits are zero it is a waste of time to nllov
for the propagation delay of one complete cycle. An (Re-gate connocted
to the outputs of the multiplier bits to be used in the next eyele

-

will indicate if the shift control is to be doubled., This vould ekip

’.T.':

'3

over tho three bit groups of the multiplier when zevo.
The reduction in delay will ebviously depend cu the numbors
multiplied.

5. Cowhinstion of

The above methods can be cembined and the delay tine can be
reduced to approximately 1250 ns. The cowplexity and cost heceous

considerable vhen this is done and it fs werth censidering more
conventional methods and comparing them vith the logarithmic

multiplier Tlest.

Appendix D containg zn account of 2 softverc

lation process for check

designs of logarithuic rmultipliers.
g

J
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CHAPTER S I X

COMPARISON OF TOGARITINIC MULTIPLITRS
WITH CONVEATIONAL MULPIPLITI

The logarithuic multipliers deceribed, differ in etvucture f{ven

"‘i

ial product is Qerived. The

metheds deseribad iu the previcus ehapter for sumudng the complets
partial producte can be &
here. Therelere in the comparison it is cnly vecescary to coneld

the etages produeing the complete partial preduct.

The legurithmic multipliers are guitable for el gn

uild therefore be comparcd only with other typso

multiplication and sheuld

using this nepgative nmumber representation.

6.1 A TVO BIY SUTFT i1 JLTIPLIER USTEG A C

1

The multiplier described hove can be counpared with the base four

design. It operates om 2ddition alene and cwsnines two bits of &
multiplier in any ome cycle. The appropriate action on eranining
two bits of the multiplier is given iu table 11. & legic diagram
of a multiplier using this principle is given in figure 21, The

circuit is self-eéuplanatory and f¢ suffices to say that the shifting

of.the multiplicand to effect multiplication by tuo iz &



6.2 A THRER BIL

The appropriate actions as vegsrd te the muluipli

by interposing gates between Lhe multiplicand and adder.
The propagation delay for this circuit cen be reduvced furtler

by using cerry anticipstc or skip cycle cchnigues. This is not

necessary for a comparison providing it is made with the base four

multiplier in figuve 14 ag far as the fivst bank of adders.
The fellowing ave delay tiwes through each mul tiplier to the

complete partial preduct stage,

Delay through hzse four muliiplicr.

= L o+ [3 Lit Adder A]—% C”J + LT 2 ox [:Q bit edder Co -3 Cf]

+ [& Bit adder Co =-> Z%J

= 241 ns
Delay through conventional Z bit ehift waltiplier
= 3 gates + 2 % [@ bit addey Co-> C4 + [4 bit adder Ca"}§%]

= 15 4 48 s 2 b GO na

From these rerults and by inspecting the relevant locic ¢lagrams

the conventionzl approach is preferable for cost and

PLIER USTRG 4 {U‘KE.

FLOSAL, AR

et
uu"x}z

This is a similar design to the two bit multiplier described
above. Uhree bits of the rwltiplier are examined in one cycle.

bits are givaen

in table 12 and the logic dizgrem in figure 22.

A cowparicon vith the same considerations as in scetion 6.1
v

can he wade (as far as partial product



Delay through base eight multipliex
= Lo+ [6 bit adderJ + L'+ 2 x [Q bit adder Cﬁnpcf]
4+  [4 bit adder Co»ﬁig
= 10 + [48+42] +20 + 2 x 48 + 60 B

1]

276 ns.

Delay throuch conventional throe bit wultiplier
= 4 gates 4 1 C.5.A4. + 3z [é bit adder Cu-ﬂucé:] + 1 G.5.4.
= 20 + 18 + 144 + 13
= 200 ns.

Again there is an appreciable veduction in propagetion delay

vith the conventionzl approach.
T

6.3 CONCLUS

It is obvious from the two preceding chapters that the conve
approach to sign magnitude mutliplicotion is faster, lecs compli

rrithmie neuhod,

and consideregbly chezper than the propesed 1o

yuid an
P g

s

o

e

’
.

M
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SUMMARY

Ho more informaticen can be extracted from Ludgate's 1909 repori.

&is this is the only information available zbout the machive [1] ,

[9

ty of

i

cur appraisal of his design wust be limited to the iagenu

thae theory. 7The detail of Ludgate's drawings, which largely

Getermines the machis feagibility, cannot be detevrminad.

Therefore, we must agree vith a review in 1905 of Ludgate's

report by Dove [25] thst,

¢
q

"Until more detail zs to the propesed construction and

£

drewings ave available it Je not possible vo form any

28 to the practicability or utility of the
an 2 vhole ¥

1t can clearly be seen by veading this roport, that the base

1

four and base efght nultizliers have no adviantages to offer over

to their cowplexity. They would also ¢till suffer the ecome dis-
advantages as the base four and eight désigns.,
One further applicaticn of this type of lcgarithm is in the

design of a binary coded decimal wultiplier. Th

i

e is discussed

¥

further in appendix B. 1t appears from a superfisial «

adventages over existing pes. This leserves further

consiceration.
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This logarithmic method of rultiplication may be applied to

e s

rctions on using

B

software table locl-up multipliers. Heve the rest
logarithms to a low beose number to reduce the eircuit complesity

are removed, although other restrictions will be imvosed. It way

be possible to apply logarithms to a b.c.d. table look~up multipliey.
These aspects are also wéxthy of further consideration,

(=Y

1oused in later

Other aspecte of Ludgate's cneing have. since bes
I g &

smachines.  Any further considerction of these aspectes should be with
F

these laztoy comnputers vhere wmove datail is svailable.

Other than the legarithms and their applications, the znalytica

engineg roquives no further stvdy unless now information on the machins
iy 1 ™

i1s found.

W Gl w
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APPENDIX ‘A

INREX NUMBER SYSTEMS

Definition of A UNIT :
A positive integer in the range [o, x~1] 5
where x is the base to vhich the number system

is written.

An Algorithm to dewvive:- index nus of any rumber sygtem,

-

1. Decide which base to write legevithms $u.

2 Determine Prime nuzbers of the unites of that nuaber syaten,

3. Associate the sinple index number O with unit 1.
b, Asgsociate next unusced index number vith next highost prime

number.

3. Calculate index numbers of all possible products of wnits so
far produced (including units preduced in this siage.)
6. Go te 7 if any product has twe different index numbers

with it or an index number has Lwe sepsrate

acsocinted

L9

=
S
w
(s
Gz
=]
Ind
Q
w

producte.
7. Erase last step 5 and associate next vnused index number with
last priwe numbar., Co to 5 .
8. 1f any prime numbers left then go totﬁtcp 4 .
9. Associszte lowest vnused index number with zero.
10. Calculate index numbsys of 211 possible products of units
X Zero.
1. If any index number associated with two products then go to

12, elze go to 13 .



12.

13b

steps 9 and 10 and assccizte next unuvsed

index aunber with zero., Go to 10 .

END.

LW P =

i

8. to be written to Bosa 10.

e 3
Simple index of 1 s O

Simnle

S
Index numl
powers of 2

4}
B
o
o

crs of pvoducts that

8
10
32
64

2
3
&
5
6

ke

required

I

123 not

o

3 has the next Lig

-~}

3

Calculate the index numbers of 11
possible products of units defined so
far.

9 14
27 21 » i
81 28

6 8
12 g
18 15
)4y 10
36 16
48 11
54 27
72 i7

- [lrf;



L

UNIT

numbar

M
=1
ot
o}
=9
o
5

Unit 4 alresdy has

Let 5 have the next highest unused indesx
number

5 12
Calculate index of Vowers of 5
25 24

Calculate products of 5 and previous
bl

od
unit variahles
10 13

15 5

’

to & already being an index
o PRI N N e LI ¢ Frrmom e A o
nwaber %, the index of 5 {ig changed. Sal
i

e index 13, 18, 14, 20. .°%

5 23

Caleulate index
of praviously definsd

25 46
10 240
20 25
40 26
15 30
&5 37
30 31

of 7 be 27, 29, or
32 the same problem as above occurs

By letiing the indeh
Let 7 have index 33

7 35

14 34

28 35

56 36

23 &0

&2 41

63 47

35 56
Aszeciate unit zovoe with highest
indexn., This, in this case evenivs




Theory behind the derivation of the index nuw

for any particular base. The principle of the algoritha is to
associate the lower index numbers with the prime nuwbers or units

¥

e products of vnite.

Sasd

that cccur more often in ferming all possib

evl

An exception to the rule is the unit zero. It is convenient
to give this the largest index number. Then all compound inde:s
numbers above a certaln valve may be regarded as zeve.

The unit 'one'; hes to have a simple index of zero in EVery
case (i.e. log z + log I’ = log z)

Where two prime punbers ave divisible intso the same rombar of

products, then thely index numbers can be joterchanged without

range.  Oue example of this

inereasing the inde

of five and goven in Ludgate's lorarithis to base ten.

- 4E -



APPENDIX B
A BINARY CUDED NECIMAL BARDUANE

MULTIPLIER

The intention of this section ie to briefly consider and deceriba
how the previocus theory of logavi
coded decimal multinliser.

The normal approaches to binary coded deeimal (B.C.D.) multinld

invelve soltvare tuble look-up mcthods.

multiplication is inewpensive to inelude in a B.C.D. muchine, o lthour,
1t does require storage locatloann for its ‘working' and tables.

<

Anctheyr disadvantase i that it is 2

gh speed {3 not normally necaszary.

computey
Convantional methods of hardusre muliiplicetion ave net viable

with a B.C.D. vuwmber format. This is due to it being noesseary to

conversion from B.C.D. nuabers to ordinary binary and buck egain
Invelves repcated naltiplication and division, yegpectively, by
ten [24] . This iz 2 costly and len 1gthy process and mokes conversien
of the numbers to a form suitable for an ordinary wultiplier,
impractical.

A logarithmic multiplier has the advantage in thai it expmincs
the multiplicand in groups of bits, and nuot os a vhole vord ¢s in

oaventional designs. The rowmainder of the logarithmie design can



be based on the same prineciple as the base four and bage e

designs described in the body of the report. The final stage

=

4]

will bave to use B.C.D. adders to add the gemi-partial products.

Tris ie a disadvantage due to B.C.D. adders being compliested and

.
expensive. [23] .
It appeavs from this short account that a2 logavrithwic B.C.D.

e e

multiplier may be feasible, if a fast multiplier fs required.

-~ 48 -



APPENDIX C

LOGIC SYMBOLS

1. AND GATE 2. NAND GATE
W s = P

A \_Z=ABC A )}_Zj_ﬂ_-fi.c

c—I_/ —

3. INVERTOR “ OR GATE

A DC Z=A

L
A= \\_z=A+8

B e ot

5. BISTABLE LATCH (STORE) 6. CARRY SAVE ADDER
A, I B T
sesEsgrent carry=——CSA
2

7. BANK OF
FULL ADDERS

carry out —

8. PARALLEL IN/OUT REGISTER
parallel inputs

= ] --%“_Lm- carry in

9. PARALLEL IN/OUT SHIFT RE

parcliel inpuls
e

r A ’

A S A 1

=y

I

GISTER

]

Ly l wl T .J—w- e L

R |

|

A S
T .
parallel parallet
oufputs. outputs,

A

TrTT

-

e G Y

Fonire



10. BINARY NUMBER TO SIMPLE INDEX CONVERTER,

11. COMPOUND INDEX NUMBER TO SEMI—-PARTIAL
PRODUCT CONVERTER.

inputs to upper semi-circle,
¥4
outputs from lower semi-circle.

h.SO.._



APPENDIY D

PROGRAM SIMULATION OF TLOGARITEMIC MULTIPLIERS

This appendix contains an account of the procedure used to choel
the logic design of the logarithwic comverter stages (L and ]5 uging
the DA70 simulation program [27] .

Only eone path through the maltiplier need be simuleted. The

logic diagram is converted or coded to a form that is acceptable

by the program; coding is expliained in the 'DATC USDR MANUALS.

The simulation instruvetions zsre then writiten. TFimurs 23 contaings
(&

[} . s . . - - -
sultable instructions for checking the accuracy of the logarithute

Firetly all inputs permzuently low ave set Lo
ding  avtomatically set to logic 1). The o vultiplier and multiplicand
F & T

Ty

registers are defined as one vegister, (INF). Taking the base eisht

b

GG

design as an example, a six bit IPU\uLcr is declared with its threc
least significant bits acting 2s the inputs for ths multiplier and

the others for the multiplicand.

The register, INP, is set to zero and then repeatedly incren

until it has covered its complete range. Thus all possibl

©
.
[}
o1
3
fey
W

are simulated. After each increment the input pulses are sllased to
vipple through the simulated logic. The product enters ansther
register, {OUL). The contents of the two registers are then printed

before the mexnt dnerement. Using the printed infermation the design

can be chacked.



It is also possible to use the DA70 simulation SULte to produce
accurate tiwing diagrams. This.is éxplained in the User Manual and
only a brief account will be made here.

A modified version of the 'simulation commands' in fig., 23 is
sufficient and this is given on page 54. The commands tan be explained
as follows; f

# DLAY ~ enables the propagation and edge times (from logic zero to
one and one to zero) to be defined by the programmer. The actual delays
are based on Texas components 2] .

#FRUD ~ is used to set the propagation times of the adders. The
alphabetic characters following each 4 PRUD refer to the pin connections
to the adders. The delay is set in the connections which is effectively
the same as being in the adder. |

# DREG and #SREG - define the input znd 6utput registers and get
them to zero initially.

The remainder of the program is basically the same 2s that deszcribed
on page 51. The following commands are inserted

# MREGC # SIDE and#RATE 4 -~ these produce the timing diagram. The
format of the disgram is
+ eguivalent to logic one
/ ¥ " indeterminate state
. - " " logic zero

The  RATE 4 causes a symbol (+/or -) to be printedevery fourth times-
-lot or four nanoseconds. {The average over the four nanoseconds is grinted}.

Examples of the timing diagrams for the haze cight multiplier design
are given on pages 55-60. Note that the corresponding final values of
the input (INP) and output (OUT) rcgisters are given after each timing
diagram.

Due to &n omission in the simulation commands fourteen of the sirxty

four tiwing diagraws produced by this progrem are inaccurate. For these



fourteen, 32 nanoseconds have to be added to the total indicated delsy
times.”  These are not included in the examples, except for 5.
The maximun indicated delay occurs-at 5% 2
= 23 timeslots + 32ns erron
= 92 + 32
= 124ns.
This test does not give the exact maximum de1ay. The delay is
dependent on the initial conditions of the logic (from previous multiplication).
Since the progfam takes into account the differeme in propagation times from

logic one to zero and zero to one, the delay is dependent upon the initial

conditions of the logic, (i.é. the previous multiplication.)

The maximum delay could be found by further programming, but this
could not be over 135ns. This compares favourably with the estimated

delay which does not account for edge times
1

estimated delay = L + (6 bit adder Co —e=37) + L

i

10 + (48 + 42) + 20

i

120ns.

*The error in the simulation is the omission of a # PRUD command to set
the delay of the carry between the four stage adder and the two stage
adder to 27, 35. (i.e. 27ns delay for logic 01 and 35ns for logic
1=—#0.) A nominal 4, 3 is automatically assumed, thus an allowance

of 32ns is necessary on multiplications where a carry occurs between
the adders.
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FUN Z00 -

8404

Maximum delay occurs when
multiplying 5 x 2,

i

23 timeslots x4 +
92 - 32 ns
124 ns

i

32ns error

N.B. This diagram is

incorrect,

see x, page 53



TABLES
nos., 1-12




UNIT

Siw
ITHDEX
MO,

i i [

Example 207 x 9

oy

TARLE 1 - LUBGATE'S

SHINPLE 1

&

[
il
\

1
e
o
el
54
[

G d )

g om 3 T b
2 A (2«



TARLE 2 -~ LUDGATE'S COMPOUSD INDEX RNUMBERS

GOMPOUND PARTTIAL CONIoUND PARTIAT
INDEX HO. PRODUCT INDEX MNO. PRODULT

1 ' 55
2 34 14
4 35 28,

8 36 56
16 57 45

32 38
‘ 39 -
3 40 21
6 41 Iy
12 42 -
24 43 a
48 . &b ”
%22 - 45 -
13 - 46 23
14 9 ' 47 673
15 18 L8 -
16 36 49 -
17 12 50 0
18 - 51 ¢}
19 - 52 O
20 - >3 0
21 27 54 -
27 54 > 5 -
23 5 56 &
24 10 57 0
25 20 ; 58 O
26 40 58 -
24 38 -
28 81 ) 61 -
23 - 62 -
30 15 63 -
31 30 G4 0
32 - : ’ 65 -
66 49

—
HOWoOSNSOoUmMD>wWLWRe—EO
L
I~

(@8]

TABLE 2

{33
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Decimid Probrusion
Digiu Distance of

Represented

Red

by rod [1 - 10 units]

A

6

TABLE 4

(iv)

&



TABLE 5 -~ POSSLBIE THSTRUCTICGHS FOR LUDGATE'S MACHITE

Store Address (96 locatiouns in each store, 7 bit address)

s

coastore address (rotate store to position &)

i T
¢ RE cevereccececeresns

Store Feormat

cvicesesarssecscORECY Slore veriable to buffer
prescersesvrceesvininey ctore variable to buffer

—
.
by
2
.o
i
i

[
I
o
" w»
Q= QO

P = g ceic.both stove variables to bufiers.
) .
T T
fore reasine ey location
rasie El(‘f‘{‘l_gj.l“!,‘:, 1185 GUaELLon,
(i.e. chuttles » raploceea before store volated

=
T
v
s}
=
ot
2
=
i
.
e
L]
oy
—
eed
<
Eac
ol
3
-
=
-
o
~
-
houl
[

conmmse € & ¢ o OIARET nncumu*arfnr
ce8dd bulfor contente to eccunmulater
eersssaoSubtyect buffer contents £yom agcuvmulatoy

+
%
e T
-

o

coadd preduct of bulferve to geommdator
Sfadd divicion of outer by inner buffers to

o~
.
he-S8
H
=
A
~ e 3}
Sie]
~A
3
« Sl vl
o
-
.
.
.

L
.
Py
p
Hi
e
g
¥
b
.
&
o
g
'
"
-
,.

; acounmdiator
B.oUiBA i eeesecsnseflore acoumulator in buffor{s).

By
SE trcaerrcernerseesensiommlaspaper conditional skip.

g o (. [T e o i
B,.q =K sesissnecrReyboard dats te buffer(s
i Sl B - _ r
B i®F vevrvvaenoscoceciumber-pepts data to buf

Pu 22 seivcncronseraorcoubput accunulater via Ponch.
Proi=h ciiciiievceoreaccoulipui aLfL‘W} tor via Printer.

Io 1780 s verevaocsss o tomporary store index reglster from outey
buffer.

10 cacecaercadd produst of index register to inner buffer

srveesenaeeer e bomporary stove buffer

cesccecreseseessdoad buffer from tempora

nd

13: !‘(:‘j "{‘ L

- ek

.

vhere Q = I for inner stove instyructiong 12 - 15 allow;
p

0 for ouvtcy store
(a) divect nultiplication of any two
Q"= X or 0 ov both variables in different stoves,

* agsured _Bo (b) direct treunsfey of data from one
B. . stere locabion to anpthar.

TABLE 5
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TABLE € ~ LOGARITIMS TO BASL

(vi)



Cempound
Indax
Nunber

NN R P LN = O

10
L1
12
13
14

Senl-
Poptigl
Product

10
20
40

12

TABLE 7
CCOPQURD TNOEX RUMBLRSOT

BASE LIGHT LOGARITHIS

(vii)

Compound
Index
Rumbey

27
30
31
32
33

X
i)

a5

W
wd

k¥
40
41
42
43
4/

I~ o~
~ O An

e
P W

[
]

112
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e

(ls)

i

V

1
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i i N
[N
AN

-

HLENIG

LHEF)  +
FLHO 4

W CmiTr g
DONTT CARY STATE

ZERQ QUITUY STATE

HEPG + ING 4+ MNPQ <+ HPQ

LRPG  + LNQ

+ MBo 4+ THED

1
.

4 IN

= LMG 4 boOLMFQ
+LEP 4+
= LMQ 4+ LMNPQ 4 LMEPQ

ignored 2t present

TAPBILLE

CHRTITA BALEES SRR, L e
8 ~ KARKAUCH JARS POR 1, COSVERTER
(Assuming logic zevo for wmoeat significant input)

(vidd)



i O SIMPLE
TO BASE 4 INDEX N O.
Binory Decimal Bese 4 Base 4 Decimal Binary

1

s
gl <z

0 3

1 0 0 00
2 1

3

L I
a8

L

a2

0

o

TABLI 9 - BRASE FPOUR, SIVPLE {NDHXY NUMBERS
COMPOUND PARTITAL
I RIEX HUHBEBIR PropuUcCTt
Binary Decimal Basc 4 Rags & Docimz) Dinary
R s T v [v w5 Y]
0000 Q 0 1 1 0001
0001 1 1 2 2 00190
0010 2 2 10 4 0100
0011 3 3 3 3 c 011
ol1c¢co 4 10 12 6 0110
0110 6 12 20 9 100
clil1l v L4 & ¢ 0060
1000 & 20 o 0 0000
10160 10 22 o 0 0000
1110 14 3 0 0 0000

TABLE 10 -~ BASE FOUR, THDEX TO PARYTAL PRODUCT

R.§5.T.U )

w T 7 b
S0 v RS ; Boolean cquations conneoliing
EET 9 4% ) outputs of L'converter to its
% L= - - = = o innuts.
R.§.T.0 v R.8§.T.U v R.5.1.0 ) :



MULTIPLIER BYTS

ACTIOH

oo
01
10
11

MULTIPLIER BITS

Do nothing
Add nultiplicand
Add multiplicand shifted laft cme place (i.e. » 2)

Add wultiplicand, and add wultiplicand shifred
left one place.

TABLE 11 - TWO LIT WULTIPLIER ACTIONS

ACTION

N

left once

1¢

D

i
ke

o=
i
~
o
o
o3
<3
~
2
s
wn
p)
N
-

[

once, Add MPRCD.

fed

=N

Add HFCD oh:

N
Ar ]

Add MECD shifted ileft ftwice

Add MPCD shifted left twice, AJd MPOH.

Add MBCD shifted Jeft twice, Add BPCD shifted left
ONCa
Ldd MICD shifted left twice, Add MPCD ehifted lelt
onea and Add MPCD

MPCD = multiplicend

TARLE 12 - TIREE BIT MULTIFLIDR ACTIONS
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0000000 5000 00000

fedge of store

e I

O
i O
O
) 0
O
&
C
= 2(a) SHUTTLE
o WITH RODS
o PROTRUDING
O
o 1—10 UNITS,
O
@
O
/o
O
O
O

\ a shuttle,
2(b) SECTION

/ (96 in each
THROUGH

store)
STORE.

rotation

o) VIEW
OF
STORES,
inner inner &
shuitle - - outer
box shuttle —
store. 5 ru
0%
store.

FIG. 2 — LUDGATE'S STORE.
consider @d as two separaiie
units — inner & outer storos.
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|

2520 NOTCHED
SLIDES T0
CARRY NUMBERS
FROM "MILL TO
SHUTTLES.

SHUTTLES
MOVED
FORWARD TO
*ACCEPT'
NEW DATA.

?

|

ACCUMULATOR ~me -

[GE ARSI J%%;/-—-
P
/// U

\

DISPLACEMEN
OF BLADES

Eoh)

e i

=
=

\ s

X
X

\"
.

:
‘

\\‘
\‘_‘.\\
N

4

s\

T

A\

20 INDEX
T7— SLIDES ¢
{see fig. 3)

Mus R TR ey
\:\3 .‘-."A.f".._ \\\Q} 3 o
: R s \\‘ o o
: i N g ~ ~ o
! ! ~_ S L
MULTIPLIER . i X e
INDEX ' : (::::::> -
SLIDE. iz E “
|
]

‘ﬁﬂn/z-w’?/?ﬂ !

SHUTTLE
WITH 21
RODS, #
(see fig. 2)

[
)/
//

4
\
FIG. 4 — GENERAL SCHEMATIC

ARITHMETIC UNIT-

Ve EDGE OF
TP N STORE,
Sl S {sce fig. 2)

SHUTTLE — S
RACE. S
i
{

] "

]

1)

OF THE

3¢ NUMBER OF SLIDES AND
RONDS REDUCED IN
DIAGRAM FOR CLARITY.

—nt DIRECTION OF
MOVEMENT OF PARTS
OF MACHINE
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T— s} .4

MILL

U ——
RECIFROCAL
STORE
900 words .
20 bits
OUTER
STORE [—
96 words \
20 bits™
3
( i )
BUFFER
Bo
.

INNER
STORE
96 words

20 bits

. | INDEX
O ()
™y X’io
ACCUMULATOR.

B

, J

e

FIG-5—~BASIC BLOCK DIAGRAM

OF LUDGATE'S

rd
i

pindex register
numerical data
20 decimal digits

JACHINE,



5
3
W
i
=
n

v

oc d
L bits 2 bits

YHSTRUCTION WORD FORMAT
(derivaed from table 5. )

oc - operation code

d - store formst inner, outer
or both

8- store address

: GO bits

)

[
sign
bit

DATA TORD FOMAT

FIG., &



ol of Tigure ~ 7

Euplanati

Roth operands taken from same address, one from each store,

and placed in bu (Bo and BI) and accunuilator cleared.

d resulf forms in the accumulstor. The

Multiplication proceeds an

branches in the flow chart describe the six possible wayes of
storing the regult. The following numbored copments correspond

to

- T £ ey
the diapgrawm.

14

Result writtaen ovor eperand in

«

i.e,. operand in izner s

operand in outer store

Result written over coperand in ocuter stove

i.g, operand in cuter store lost

oporand in funer astorve retained.

¥

{ouiey and inncy)

4. Rotate store, then 5, 6 o 7

L.e. bot

Stove

Store

Steye raesvlt din

eddye

h cperands

retainad

rasult in

rooult in

5Ha ) o

cuter

fnner

inmer

stove.,

store.

and outer steoves (having

gam

i




OPERANDS
ON SAME )
AXIS 'ADDRESS
[diff, storel]
A=0
b..—.-;.-‘-.‘r.._w__‘.J.
I
Rs
Y
Bo _-;SD
_.él;, ._.giL,. result in
. Yr (uccumu{cﬁor
' . -
pree——— AR A ﬁaBO X B — ~
by 2 3 4
ok i
Rs {

N R . Rs
[")1':: SI Bo :So S d?
...... ‘ el - “1

] e ]
B =k
B, \ Bo= A 081

( WE [\! m ' ;a{h ¥ see fig. 9 for

equivalent instructions.

FIG. 7— MULTIPLICATION FLOW CHART.
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OPERANDS in

different
stores
& axes,

OPERANDS in

same store:
OUTER.

©)

OPERANDS in

same store:

[Re]

TR

A=0
|

B,55,)

| 10‘-::@;—'
1

BI:-_S'_{J

FIG. 8 — MULTIPLICATION

A+ B; X I,

!

RESULT
IN

ACCUMULATOR

.
1
1
i

FLOW CHART.

INNER.

e sttt o ity a5 PR £
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{a)

ocC d S

A== () — -

B.._ S.
A= A+Byx B, [gr=g, Rs

Bo:= A B(,::Saf Rs

(a) Tnstructions to multiply two veriables

(bl

on same avis, result stored in ancther
location in outer store [eeg. Fig. 9 Parh*]

(b) Imstructiouns to multiply two
veriablos both dn the outsy

store

Te=_ B, Bo=So Rs =0 7

=T |B=S%] Rs |

£¥::1A-+ Bx b e IQ — -

(G

Kz 1) — i (e) Instructions to add Lwo
variables to the accouwnvlator,

result in the accumulator

A=A+ Bex1 [Be=S Rs

A=A+ Bix1 |By=S¢l  -Rs

FIG. 9 - EXAMPLES @F ITESIRUSTION 2eaDs
"t 3



shift x 3
control -

MULTIPLICAND MULTIPLIER
12 bit rpm ‘ur 12 bit shift reyister

:fsl l
1

shift ——

CB ( (}JD wosmmmrm— 00, CONVErters —~rrro—e

€

m{w
|
log.
COM

0 O

s E— : E
{
¥ 1 ¥ ‘ 4 Ccpy
. i ‘ ‘ 1(:omlrc'.*s
24 bit }’
shift ot
register S '
- ’.1’11 0 dg s U7 Ls Js o Us Uz Uz I US
2 bit
register @ : number of wires represented by one line,

2 :connect to cther pin lchelled 2,

FIG. 10 ~ LOGIC DIAGRAM OF
BASE EIGHT MULTIPLIER.



MULTIPLICAND
| REGISTER
MS, [12 bits] e JiB

R N e

(]

OCTAL DIGIT
T0 SIMPLE
INDEX NUMBER
CONVERTER

frem log
e — converter of

e i mutiplier
I —
_ G_B-I‘ﬂ , SIMFLE INDEX
RIFPPLE CARRY ADDER
ADDER

I
[

L

m.s._|

/ COMPOUND  INDEX

NUMBER TO 'SHMI~
PARTIAL PRODUCT’
CONVERTER

R T w
‘SEMI- PARTIAL
PRODUCT”
FIG 11-

ONE PATH THROUGH MULTIPLIER.
[BASE EIGHT DESIGN]
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K

where 5 § or 7 input gate
occurs, assume 8 input gote
with remaining inputs high.

T OR gates shown for clarity,
m

oy be replaced by nand
gates,

P e NP:[DT
] W
M Q:D'_ W a- e
= [ LM
N— Eo .
= f J

=i

Faps
a | T BN
_1.*1::‘}_ | s NPT
P'Ei'_‘;:_ Q

=
T
L
S
k.ot
|
| 1
kT)

|
Rk
141
5o
{
e
i
=7
|
=l .
—

FIG. 13— LOGIC DIAGRAM FOR
COMPOUND INDEX NUMBER
[kLmnpQ] 70 SEMI—

PARTIAL PRODUCT [R,S$.T,UV,W]
CONVERTER.



FIG. 14 — LOGIC DIAGRAM OF

BASE FOUR

MULTIPLIER,

SIET 52 .
CONTROL
‘ MULTIPLIC AND (12 bits) MULTIPLIER {12 bits)
u I N N ms|__| | | ||
@ @ ‘ St s o
o d) 0 © O O +«~—L06 CONVERTERS ~rr (1)
B| @ E
b’
]
LOG.
ADDERS |
®
L 06.
CONVERTERS A |
//
{/
___}_
PARTIAL 7
PRODUCT
ADDERS N [ ik
_.}_ _,_{_, e
[H. copy
I _u._...__}J
- o S
shift ——-

24 bit ;/{

SHIFT 7
REGISTER

N N

@

2

n o s 8 7 s |5
LI L) Ll L) ) L1 L]

: connect fo other pin labelled 2,

. number of signals represented by one

J
r
=

line,



B MULTIPLICAND o MULTIPLIER
~Ms | P R|Q, Qi Ls— P PO Qs
_, = S
I .
. 3 bit :
— simple "
I = index ,._.L |
) number ) Q}) L
§ from 2 bit
An E—J Ch number. A ——L_S' C
LT
: } 3 bit
[
-{ “Jr f *Jg”“ E '“}“ , -==— simple index
: ! adder
R 5h “Pn 1Y
\57 \LZ KZ cornpound  index
number fo semi-—
B ‘:::‘EEE:ED_{\—IA/ partiat product
S ol
=
e (0
=1}
d
‘ - Yn
Mfr\\ ‘ Wn
L& hn_:} xn
=D
Yn-l-l = . .,E{ﬂfl
n+1"_m'""w"|
:*‘*;' -+ “{" + ""1L“ sl
FIG. 15 —~DETAIL OF car S
n th PATH THROUGH ! l ‘
BASE FOUR 9 |
}?.M-Z ZZn+1 Z?n Zzn 1

MULTIPLIER
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set fixed low
pins to zero

?‘

declare input
register:
INP

|

set input
register
to zero

i

declare output
register:

ouT
}

increment
INP by 1

run for 200
timeslots

print
registers

no
yes
END

FIG. 23
SIMULATION PROGRAM
FLOW CHART.



