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A. Ludgate’s logarithmic indexes

Percy Ludgate invented his own logarithmic indefeganultiplication [1][2][3], an entirely new resuih 1909. These are now
called Irish Logarithms, a discrete analogy to teghrithms where log(j*k) = log(j) + log(k). Fowb operands Zand % the
index numbers ensure, & Zy = Z; + Zy, for example 4= 7, Z = 23, Zs = 30. The largest )4 is Z;+; = 66. C.V.Boys said:
“Ludgate ... uses for each of the prime numbers baéawin a logarithmic system with a different inaoemsurable base, which
as a fact never appears” [2], i.e. eth:Zo%X(X) has a different (invisible) basexNLudgate almost certainly did not derive
his indexes from number theory, either finding thempirically or by a systematic “method”, such lzetin Figure 1.

Ludgate’s proposed logarithmic indexes are amenaldenstruction by a systematic method. |

For an example of how these are used in calcukstisee Andries de Man’s educational emulator [6Y his citations of
similar indexes in the literature [6] cited below:
(1) Jacobi/Zech indexes (1846/1849 [7]), which barderived from number theory. For exampleeD, 42 =1, =18, 4 =
44,% =7. An alternative isZ=0, % = 1, = 8, Z = 44, 4 = 27. In both cases the largest4s Zs:s = 88.
(2) Remak indexes (Von K. Hoecken 1913 [8) D, 2 =1, 4 =13, £ = 21, % = 30, where the largestZ is Z;+; = 60.
(3) Korn indexes (Von K. Hoecken 1913 [8]),Z0, 2 =8, & =13, 4 =1, Z = 30, where the largest.Z is Zs+; = 60.
Ludgate said: “The index numbers (which | beliewée the smallest whole numbers that will giverdguired results)”. His
focus on small numbers makes it possible Ludgatavkof Jacobi/Zech indexes, which were in use inoasimy. Remak and
Korn indexes give smaller numbers, but were reploaféer Ludgate had published. Small numbers apaitant to minimize the
length of any mechanism that is used to convedrtérom the logarithmic indexes. McQuillan [11][1Bhs shown that better
indexes can be readily be computed using moderhimary.

Ludgate proposed logarithmic indexes with the sesal;.« then known.

As happens surprisingly often with novel inventiginsthe same year as Ludgate’s 1909 paper a sl@eith Jacobi indexes
was designed by Prof.Schumacher of Germany [9]ated manufactured as the Faber Model 366 [10].

Ludgate’s indexes can be derived by an algorithe.likely did this, but thought of it as a “method@he method can be
expressed as a simple algorithm, see below, whastphoven Irish Logarithms exist over the rang®0p@rhaps further.

Ludgate’s proposed logarithmic indexes are amentalddgorithmic construction.
Ludgate’s logarithmic indexes have been shown ist éor 0-99.

B. Algorithm to derive Irish Logarithms

Ludgate’s indexes can be derived by algorithm. ikigyt did this, but thought of it as a “method”. & method of Figure 1 can
be expressed as a simple algorithm, for exampRython as in Figure 2. Executing this algorithmldgeidentical indexes to
those given in Tables 1, 2 and 3 of Ludgate’s 1)9@%er, see Figure 3.

Irish Logarithms might exist for the range up ty & not just for 0-9 as in Ludgate’s paper. Certathlgy have been shown
to exist for 0-99 by extending the rather ineffiti@lgorithm of Figure 2 with a basic Sieve of Bsihenes to generate the seed
prime numbers. Beyond that a more efficient algonitvould be necessary, or ideally a number-theopetiof.
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Allthese products derive ultimately from primes, so start with first prime J=1 by assigning Z,,=0 (€} Brian Coghlan 2020
Index [0] is now used, so for next prime p=2 the indexes Z,+[0] must be free

Allindexes above 0 are free, so assign Z,=1

Then recursively for all products = 879=81 for which an index exists, assign a logarithmic indexZ ., =Z,+ Z,

2=F =l 4T =141=2 227 =047 =142 L gL ey =L A =242=4

2577 yop=L 37, =243=0 Loy=Lop=L 47, =343=6

Indexes [1,2,3] are now used for 1<Y<9

So for next prime p=3 the indexes Z,+[0,1.2,3] must be free

Allindexes above 6 are free, so assign Z,=7

Then recursively for all products = 3*9=81 for which an index exists, assign a logarithmic indexZ ., =2, +Z,

Z=2 =LA =TH1=8 2577 1 =L A2 =THT=14 Z "Ly T ST+2=9
70 =7 =7 42 ,=T48=15 Z,,7L =L+ 25=T43=10 Z =T g L AL =T +14=21
ZoZanZy3Z,=848=16 Z 2=l 2,=B43=11 Z o=l gL 4T =8+14=22
7, L o=l Ls=3+14=17 Zgy =L o=l Z,=14+14=28

Indexes 1 _2_3_7'_8_14] are now used for 1<Y<4

So for next prime p=5 the indexes Z.+[0,1.2,3,7.8,14] must be free

The next free index for which this is so 1s Z,=23+[1.2.3,7.8.14]. 1.e. 23,24 25 26,30.31 37, the indexes are all free, so assign £,=23
Then recursively for all products = 9*9=81 for which an index exists, assign a logarithmic indexd ., =2, + 2,

2 L= ¥, =2341=24 L 5=l gen=L A =23+47=30 L 5g=L geq=L 2 =2342=25

Z-LF ZF,F 7. +E=—23+23—4E ZE, =Z..e=L: +Z =23+8=1 L= Leg=L +Z5 =23+3=26

Z4= =7 =L 42 =23+14=37

In dex}es i _2_3_7"_8_14 23] are now used for 1<Y'<9

So for next prime p=7 the indexes Z.+[0,1,2,3,7.8,14,23] must be free

The next free index for which this is so is 2,=33+[1.2.3.7.8,14,23]), i.e. 33,34 35,36,40 41,47 .56, the indexes are all free, so assign Z,=33
Then recursively for all products = 9*8=81 for which an index exists, assign a logarithmicindex? .. =7 +Z,

7,,77+.70+7,=33+1=34 7,72 =L AZ,=334T=40 7 =77 1, =3342=35
ZoZ oo T A7 3342356 Tyl 7 47 =33 48=41 7 =2~ AZ-=33433=66
Z..=7 =1 ,+7,=33+3=36 2oL =L 42 =33 41447

Sofor 1<Y<9, Indexes [1,2,3,7.8,14 23 33] are now used

The only unused integer is ¥Y=0, and although log(0} does not exist, here multiply by 0 must be valid, so Z,+(1,2,3,7.8,14 .23,33] must be free
The next free index for which this is so is Z,=50+[1.2.3,7.8.14,23.33]. i.e. 50.51,52.563 57,58.64 73,83 the indexes are all free, so assign Z,=50
Then recursively for all products = 9*8=81 for which an index exists, assign a logarithmicindex? .. =7 +Z,

Z,:IE:Z_:,Z:Z_:,EE:S 0+1=51 Z.;.fz.;rflﬁz 3:5 0+7=5kT7 2_3,4:.2,:,,4:.2 ,:,+Z4:5[J +2=52
2057 e=Ly+1,=50423=T3 Z5s=Z =Ly +1,=50+8=58 2 =2 oL +2,=50+33=63
7o =Lys=L o2, =50+3=53 7077 =L 2 =50+14=64 7 0572 gg=L +Z,=50+50=100

Figure 1 Systematic method to derive Ludgate’s simple imdexbers
For all products Y = (1<J<9) * (1<K<9) assign logarithmic index numbers Zy = Z .« = Z; + Zg
Image reproduced courtesy The John Gabriel Byrne@der Science Collection [4]

Ludgate-Logarithmixindexes-20220324-1517.doc



#! /usr/binfenv python
import sys

# initialise wvariables
Z=[-1]*200 # table of complex indexes
PP=[-1]1%200 §# table of partial products
i=20;
for p in (1,2,3,5,7,0)
if Z[p]l==-1: # prime not indexed yet
free=False
while free=—False and i<=100:
free=True
for j in (1,2,3,4,5,6,7,8,9):
if free=—True:
if Z[j]<>-1: # for existing indexes
for k in range (1,100):
if Z[k]==(i+Z[]J]): # check if complex index exists
free=False

i=i+l
if free=—=True: # 0K, found a desired free set of indexes
Zlpl=1 # create new simple index
PP[i]l=p # create new partial product

i=i+l
for j in (1,2,3,4,5,6,7,8,9%9,0):
if Z[j]<>-1: # mmltiplicand simple index exists
for k in (1,2,3,4,5,6,7,8,9,0):
if Z[k]<>-1: # monltiplier simple index exists
if PP[E[J]+E[k]]==-1: # prodoct not indexed vet
if Z[j*k]=—=-1:
Z[1*k]=Z[j]1+Z[k] $# create new complex index
PPIE[F]1+E2[k]]1=7*k # create new partial prodmct

Figure 2 Python algorithm to derive Ludgate’s simple indexnbers
Image reproduced courtesy The John Gabriel Byrneder Science Collection [4]

final Luondgate Simple Index for each Unit (Table 1):
0: 50 1: O 2: 1 37 4: 2 5: 23 6: B 7: 33 8: 3 9: 14

final Ludgate Complex Index for each Partial Product (Table 2):

1: O 2: 1 3: 7 4: 2 5: 23 6: B T: 33 8: 3 9: 14 10: 24 12: 9 14: 34
15: 30 16: 4 18: 15 20: 25 21: 40 24: 10 25: 46 27: 21 28: 35 30: 31 32: 5 35: 56
36: 16 40: 26 42: 41 45: 37 48: 11 49: 66 54: 22 56: 36 63: 47 64: 6 72: 17 81: 25

final Ludgate Partial Product for each Complex Index (Table 3):

0: 1 1: 2 2: 4 3: 8 4: 16 5: 32 6: 64 T: 3 8: 6 9: 12
10: 24 11: 48 12: 13: 14: 35 15: 18 16: 36 17: 72 1&: 19:
20: 21: 27 22: 54 23: 5 24: 10 25: 20 26: 40 27: 28: 81 29:
30: 15 31: 30 32: 33: 7 34: 14 35: 28 36: 56 37: 45 38: 39:
40: 21 41: 42 42: 43: 44: 45: 46: 25 47: 63 48: 49:
50: D 51: O 52: 0 53: D 54: 55: B&: 35 57: D 58: O 59:
60: 61: 62: 63: 64: 0O 65: 66: 49 67: 68 : 69:
T0: T1: T2: 73: O T4: 75: T6: 77: T8: EH
80: 81: g2: 83: 0 84: 85: 86: 87: 88: 89:
S0: 91: 92: 93: 94: 95 S6: 97: 98: 99:

100: O

Figure 3 Results from running the algorithm leigure 2
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection [4]
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