Percy Ludgate’s Analytical Machine

Brian Coghlan

Abstract This document attempts tteduceadditional detail about Percy Ludgate’s Analytibidchine bycontextual analysis of
both his 1909 paper and recently discovered astiGlee aim is to assemble a body of known new defsigis. Thus far, this has
been found possible in relation to his logarithimitexes, data format, Index and Mill, carry progaga timing, division
algorithm, storage, instruction set and preempfidre approach has proven to be surprisingly frijifad has allowed some
progress to be made towards a 3D-printed re-imagiaf the machinelhis paper is a work in progress.

Index Terms— Percy Ludgate, Analytical Machine, Irish Logarithms, Multiply-Accumulate (MAC), Division by Convergent Series

I. INTRODUCTION

istorically, computing is generally viewed as haviour fore-fathers: Charles Babbage (1843: thecepnhan analytical
H engine [4]), George Boole (1854: Boolean logic )24lan Turing (1936: theory of computing [25]),a0ide Shannon

(1937: digital logic [26] and 1948: information tig [27]). Boole, Turing & Shannon impact on alpasts of modern
society (principally because computing now doegblitage does not. Nonetheless Babbage is very ad@bintroducing the
concept of the first analytical engine in histoHis importance is historical. He also raised theaiaf thinking machines, a
controversial subject then, like Al is today.

Babbage’s “Analytical Engine” [53] was a very nbeencept, with processing done in a Mill basedaddition, where the
Mill and Storage were made of clockwork cogs andrgéLiebniz ¢.1671 [13]). Programming and inputiott were done via
punched cards (Jacquard ¢.1804 [14]). Ada Lovebatdished Babbage’s design in 1843 [4]. Only a spattion of it was ever
built, but Babbage left very extensive 2-d drawiligs 3-d graphic art representations, see [12]}l these are now being put
into modern engineering software [15][18], so peghmore of it will yet be built.

Percy Edwin Ludgate (1883-1922) is notable as dbeond person to publish a design for his “AnaiftiMachine”
[1][2][16], the first after Lovelace published Badd®'s design. Ludgate’s machine included a Mill; &lso an “Index” to do
multiplication. The combination did multiply-accutation (MAC), which is now important in signal pessing [19], e.g. in
radar and astronomy, and in deep Al [20]. The mplyitembodied a discrete table, as did a few othtrutating machines at this
time, such as the Millionaire [21]. But it was bds® a novel concept now called “Irish Logarithrmesid worked analogously to
a slide rule (Oughtred c¢.1622 [23]). The accumatativorked like Napier's “bones” (Napier ¢.1614 [R2ptherwise called
“rods”, once widely used to facilitate the accuntiola of partial product units and tens digits ifised on their upper surface.

These were the only two mechanical designs wédirbethe electronic computer era. Subsequentl@lel electromechanical
designs began, and ¢.1937 electronic designs H&dhrA third mechanical design arose at the dafvihe electronic computer
era: in 1936 Zuse's “V1”, later renamed “Z1". Higtally there are four types of Analytical Machin&abbage (mechanical,
novel, 1843), Ludgate (mechanical, very differet®09), Torres y Quevedo and his successors (eteetioanical, 1914
onwards [7]), then modern computers and theirdrilli of successors (fully electronic, 1949 onwardsplytical machines now
pervade, running big data, big science, healthinkas, government, and now domestic appliancesjlenphones, and even
toys. Ludgate is notable for the second publishredysical machine design in history, ahigsh Logarithmic indexes, arttie first
multiply-accumulator (MAC) in a computer, atige first division by convergent series in a cotepuandvery novel concepts
for storage and programming (e.g. two-operanducsisns, pre-emption). Like Babbage, his importaisdastorical.

Ludgate and Babbage appear to have had no inffuemenodern computers, since as far as is knowe theo record in the
literature of modern electronic computers that gjpadly states inheritance from either of their chines. Randell's 1971 paper
[6] was followed by just one attempt, in 1973, bighes, at a conjectural machine design based ogdtets design [42]. Copies
of most of the related literature are held by ThenlGabriel Byrne Computer Science Collection i its host department
presents an annual Ludgate Prize [9]). This andi ¢L€line the initial technical results of an intigation by the Collection (and
[17] outlines its initial historical results). Tlextremely few other technically-related efforts eeferred to further below.

Dr.Brian Coghlan is with the School of Computere®cie and Statistics, Trinity College Dublin, Theiugnsity of Dublin, Ireland (e-mail: coghlan@cs..tig.
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Il. ASPECTS OR_UDGATE'S MACHINE

I.1. Features

Only a few features are described in Ludgate’s 1888er. The rest must be deduced by contextuaysieadf the paper,
largely a process of logical inference or elimioatof false propositions, and mechanical or mathieadsspeculations. They are
summarised in Table 1, but explored further below.

Base operation is multiply-accumulate (MAC) not addition

Multiply is done with Irish Logarithms by an INDEX

Long multiply starts at left digit ~ of multiplier

¥ Numbers must be fixed-point

Multiply-accumulate partial-products are added units first, then tens by a MILL

Timing implies pipelining tens carry adds

Instruction set: ADD, SUBTRACT, MULTIPLY, DIVIDE, LOG, STORE, CONDIT IONAL BRANCH

Two-operand addressing for load

¥y Two-operand addressing for store

Fast for 1909 : ADD/SUB 3 sec, MUL 10 sec, DIV 90 sec, LOG 120 sec

Storage of 192 variables implies (64 inner + 128 outer) shuttles , equispaced

Hence storage size implies binary storage addressing

Numbers stored via rod for sign & every digit  protruding 1-10 units

Data input/output via punched number-paper (or upper keyboard)

Program input/output via punched formula-paper (or lower keyboard), one instruction per row

Y4 Manual preemption
14 Measurements in units of an eighth of an inch
14 Main shaft gives ‘cycle time’ of a third of a second

Small size : estimated by Ludgate as 0.5m H x 0.7m L x 0.6m W

Table 1Features of Percy Ludgate’s analytical engine, viitlerences denoted by ¥

I1.2. Unknowns

Almost everything about its construction is unkno¥ar a small sample of these unknowns, see Tahléa?y such issues are
explored further below.

How shuttles were selected in storage cylinders Any internal dimensions

How a shuttle was moved Any internal timing

How the INDEX mechanism worked Almost everything about program control
How the MILL mechanism worked Almost everything about input & output

Table 2 Sample of known unknowns of Percy Ludgate’s amcalygingine

[1.3. Reducing the Unknowns: New Discoveries

Clearly the discovery of drawings by Ludgate worgduce the unknowns, so this has been an ultimegettof the research,
but any discovery of new information about Ludgsitéésign would help. And in fact, just before Cinnizs 2019, Ralf Beulow
of Heinz Nixdorf MuseumsForum with Eric Hutton [2@lscovered a pair of articles about Ludgate’s ritecin the 1909 issues
of the popular science magazine “The English Meithand World of Science” [29]. One was a very bgafmmary [30] (see
Appendix I1) of Ludgate’s 1909 paper, with no neormation.

The other article [31] (see Appendix Ill) did indepromise new information, if validated, and inaddthe first known
diagram of Ludgate’s machine! This article wasilattted to “Engineering”. A search by Jade Ward aofivdrsity of Leeds
Library discovered the article was in fact an alblaed extract of an article [32] published a moed#rlier, i.e. just over three
months after Ludgate’s original Royal Dublin Sogipaper, in “Engineering” (a London-based monthiggazine founded in
1865). This article, which from here onwards w#l keferred to as “Engineering [32]", is reproduaeflull as Appendix I.
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Figure 1 Annotated version of the diagram from Engineer2@! Aug. 1909, Pages 256-257 [32]
See Appendix | for the original full-size image
Image reproduced courtesy The John Gabriel Byrne@der Science Collection

Figure 1 shows an annotated version of the diagram Engineering [32] (an identical copy of whichpeared in “The
English Mechanic and the World of Science” [31]hieh presumably was provided, and perhaps actdadlwn, by Ludgate. It
is not yet known whether its text is handwrittertygreset. Thél198'near the bottom left of the diagram could be thklisher's
notation, or could be a datestamp ('11-Sep-190&dad as1198’), or could be Ludgate's sheet number (large britgpes not
impossible after years of redesigning). It wouldoabe useful to have the text professionally aealysgainst excerpts from
Percy Ludgate’'s 1917 Will and Testament [33].

The text of the article of Engineering [32] at fippeared to us to contradict Ludgate’s 1909 pdpearas analysis has
progressed it has begun to seem more likely theatetkt was provided by Ludgate too (the articldudes a detailed explanation
of the diagram). Ludgate and the writer of thecéetare quite precise in what they say. In faciting Ludgate’s paper and the
article as equally valid has uncovered ways thégdesay have been that would have been very harige at with only
Ludgate's 1909 paper. A surprising amount of urideting has emerged, construction detail has beeovered, some useful
dimensional, geometric and timing inequalities lelished, and an effort has been made to codifyetmesv facts. All this is
described further below. Work has begun on bothukitmg the machine and “re-imagining” it with maedeengineering
software.
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ESSENTIAL PRINCIPLES OFLUDGATE’S MACHINE

[1l.1.Ludgate’s multiply-accumulate operation

The multiplication in Ludgate’s multiply-accumula®iAC) operation is done in reverse to its tradiiborder. This is best
illustrated graphically. For comparison, the trafial long multiplication ordering, starting withé multiplier least significant

digit, is first illustrated irFigure 2

TRADITIONAL STEPS TRADITIONAL STEPS TRADITIONAL STEPS
314 digit 314 digit 314 digit
x 679 3 x 619 2 x 679 1
2826 <-—- 314 x 2826 <-—- 314 x 9 2826 <-- 314 x 9
2198 <-- 314 x 70 2198 <-- 314 x 70
1884 < -- 314 x 600
282 24806 213206 {T)Brian Coghlan 2020

Figure 2 Traditional long multiplication: multiply by LS digof multiplier to form LS partial product, thenuttiply by next left digit of
multiplier, and etc. For each step accumulate gdntesult to yield a final result (where LS and Eéhote least and most significant)
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection
Ludgate’s multiply-accumulate is processed joiimthhis Index and Mill. The Index multiplies basewdl logarithms, while the
Mill adds via clockwork cogs and gears (Ludgatergfo these as “wheels”). The multiply is doneaiteely per digit from the

most significant (MS) digit of the multiplier towds the least significant (LS) digit, i.e. in theveese order to that iRigure 2
Figure 3shows the first iteration (for the MS digit). Feaich digit of the multiplier, the units of the palrproduct are generated
and added to the accumulator. Then the tens qfd@h@l product are generated and added to theradator.

LUDGATE STEPS FIRST STEP +TENS UNITS
314 digit 314 314 314
X 679 1 6 6 6
4 4 2 + 4
6 0 6
8 1 8
______ counting wheels E—— logarithmic
MILL 864 Sum INDEX
add units 0 0 0 Carry multiply units
0864 Product
substep 1
LUDGATE STEPS FIRST STEP +TENS UNITS
314 digit 314 314 314
X 679 1 6 6 6
2 <: 2 + 4
0 0 6
1 1 8
______ counting wheels E—— logarithmic
MILL 1884 Sum INDEX
add tens 0 0 0 Carry multiply tens
1884 Product
S (€} Brian Coghlan 2020

Figure 3 Ludgate’s long multiplication steps for the mulignIMS digit. First multiply-accumulate units, theans
Image reproduced courtesy The John Gabriel Byrne@ider Science Collection
Ludgate’s 1909 paper stated “A carriage near thexmow moves one step to effect multiplicationlBy, and “After this the
index makes a rapid reciprocating movement”. Tinplies an awkward step left for tens then two stigist for the units of the
next multiplier digit. This appears inexplicabls,iaseems to be easier to add tens first thes fmita smooth traverse from left

to right, however it may have been an unknown ogttion.
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He also stated “I have devised a method in whiehdarrying is practically in complete mechanicaldpendence of the
adding process, so that the two movements prodeadtaneously”. Indeed his stated operation timiigply that carries are
added in parallel with subsequent mechanical mowtsnentil a final visible addition of carries aftée last of the multiplication

steps. The implications are considered later; fav,fet us ignore these details.
Multiplication for the remaining digits is illustied in Figure 4.

LUDGATE STEPS FIRST STEP +TENS UNITS
314 digit 314 314 314
X 679 1 6 6 6
24 { 2 + 4
06 0 6
1884 <-- 314 x 600 <: 18 1 g
______ counting wheels I—— logarithmic
1884 MILL 1884 Sum INDEX
000 Carry
1884 Product
LUDGATE STEPS SECOND STEP +TENS UNITS
314 digit 314 314 314
X 679 2 7 7 7
28 § 2 + 8
2198 <-- 314 x 70 ¢ 07 0 7
1884 <-- 314 x 600 21 2 1
______ counting wheels ——— logarithmic
21038 MILL 10938 Sum INDEX
1010 Carry
21038 Product
LUDGATE STEPS THIRD STEP +TENS UNITS
314 digit 314 314 314
X 679 3 9 9 9
2826 < -—- 314 x 9 ¢ 36 |« 3 + 6
2198 <-- 314 x 70 09 0 9
1884 <-- 314 x 600 27 2 7
______ counting wheels ——— logarithmic
213206 MILL 212006 | Sum INDEX
00120 Carry
213206 | Product
{€) Brian Coghlan 2020

Figure 4 A possible order in which Ludgate’s machine woudsiehcalculated 314x678 with one add and carries gtage.
The right hand side shows how the partial prodacessplit into tens and units
Image reproduced courtesy The John Gabriel Byrne@der Science Collection

Figure 5 shows a more succinct illustration of Arotexample, but excluding any treatment of Ludgatarry propagation,
which is explored much further below. This examgiiews the calculation in Ludgate 1909, illustrataggin the novel iteration
order and how the partial products are split intdsuand tens, where the units of the partial pcb@dwe generated by the Index
and added to the accumulator by the Mill, thentéms of the partial product are generated and attdéee accumulator.
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Mill
00000000

02978000
73188000
73814400
74814400
74838680
75139680
75146394
75196604

75196604

Partial

Products Index
02978000 9 7 8 |UNITS
8132
70210000 (7 0 2 1 |[TENS
00626400 2 6 4 |UNITS
8132
01000000 |1 0 0 0 |TENS
00024280 4 2 8 |UNITS
8132
00301000 (3 0 1 0 |TENS
00006714 7 1 4 |UNITS
8132
00050210 (5 0 2 1 |rENS

{C) Brian Coghlan 2020

Figure 5 An example of Ludgate’s variant of long multiplicat calculating 8132 x 9247
Image reproduced courtesy The John Gabriel Byrne@ider Science Collection

[1l.2.Ludgate’s logarithmic indexes

Ludgate invented his own logarithmic indexes foitiplication, an entirely new result in 1909. Aglinated above, these are
not ordinary logarithms, but integer values thagythe logarithmic law. For two operandgand %, Ludgate’s index humbers
ensure £ = Zyx = Zy+ Z«. For example, indexesZ 7 and £ = 23, therefore £ = Zs«s= Z3 + Zs = 30. As can be seen in Table
3, simple indexes form a non-monotonic functionttd decimal operands, but a monotonic functionhef ardinals (because
ordinals represent the rank order of simple indgx€kerefore ordinals may be used as a proxy ferdécimal operands in
circumstances where monotonicity is desirable,lamtbate employed this.

Decimal | Simple | Ordinal Partial | Compound | Partial | Compound | Partial | Compound
operand | index number product index product index product index
0 50 9 1 0 15 30 36 16
1 0 0 2 1 16 4 40 26
2 1 1 3 7 18 15 42 41
3 7 4 4 2 20 25 45 37
4 2 2 5 23 21 40 48 11
5 23 7 6 8 24 10 49 66
6 8 5 7 33 25 46 54 22
7 33 8 8 3 27 21 56 36
8 3 3 9 14 28 35 63 47
9 14 6 10 24 30 31 64 6
12 9 32 5 72 17
14 34 35 56 81 28

Table 3Ludgate’s simple and compound logarithmic indexegroduced from Ludgate’s 1909 paper, Table 1 and 2
C.V.Boys said: “Ludgate ... uses for each of the primumbers below ten in a logarithmic system witlifferent
incommensurable base, which as a fact never agdéarse. each £ = Iog\IX(X) has a different (invisible) basexN

Logarithmic indexes were not new in 1909, as JdZebh indexes (which can be derived from numbeorf)envere already in
use in astronomy, but Ludgate’s particular indewese new. Ludgate said: “The index numbers (whidbelieve to be the
smallest whole numbers that will give the requiresults)”. The largest4 is Z;+; = 66. By way of comparison:

(1) Jacobi/Zech indexes (1846/1849 [35]). For eXerdp=0, 24 =1,%4=18,4=44,%4=17.

An alternative is £=0, 2 =1, =8, Z = 44, 4 = 27. In both cases the largest4s Z.s = 88.
(2) Remak indexes (Von K. Hoecken 1913 [36))7D, &2 =1, = 13, 4 = 21, % = 30, where the largest«£ is Zy+; = 60.
(3) Korn indexes (Von K. Hoecken 1913 [36]),Z0, 4 =8, =13, 4 =1, %4 = 30, where the largestZ is Z;+; = 60.

Ludgate’s focus on small numbers makes it poss$ibl&new of Jacobi/Zech indexes. Remak and Kornxgglevere reported
after Ludgate’s 1909 paper was published. Smallbarmare an important metric used to minimize émgth of any mechanism
that is used in the machine design to convert tédramn the logarithmic indexes. McQuillan [37][38h$ shown that better
indexes can readily be computed using modern maghin

Lemma 1: Ludgate proposed logarithmic indexes with the sasalf;« then known.
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As happens surprisingly often with novel inventioimsthe same year as Ludgate’s 1909 paper, arslidavith Jacobi indexes
was designed by Prof.Schumacher of Germany [39]ated manufactured as the Faber Model 366 [40].dhoexample of how
logarithmic indexes are used in calculations, sedris de Man’s educational emulator [41] for Lug{mindexes.

[11.3. Algorithm to derive Irish Logarithms

Only Boys [2], Riches [42] and de Man [34] offeryaguidance as to how Ludgate derived some or aligfindexes. He
almost certainly did not derive his indexes fronminer theory, but developed a systematic “methodéhsas that in Figure 6.
The method of Figure 6 can be expressed as a saigieithm, for example in Python as in Figure Xeé&uting this algorithm
yields identical indexes to those given in Table2 and 3 of Ludgate’s 1909 paper, see Figure 8.

Lemma 2: Ludgate’s proposed logarithmic indexes are amerntahitenstruction by a systematic method.
Lemma 3: Ludgate’s proposed logarithmic indexes are amertatddgorithmic construction.

Irish Logarithms might exist for the range up ty & not just for 0-9 as in Ludgate’s paper. Certathlyy have been shown
to exist for 0-99 by extending the rather ineffigi@lgorithm of Figure 7 with a basic Sieve of Bsthenes to generate the seed
prime numbers. Beyond that a more efficient algonitvould be necessary, or ideally a number-theopetof.

All these products derive ultimately fram primes, so start with first prime J=1 by assigning Z ,=0 (&) Brian Coghlan 2020
Index [0] is now used, so for next prime p=2 the indexes Z,+[0] must be free

Allindexes above 0 are free, so assign Z,=1

Then recursively for all products = 8*9=81 for which an index exists, assign a logarithmic indexZ ., =2, + Z,,

L= gL =1H122 Ly=Z =L+ =1423 L g L yeg=L L 2424

L 4= gug=E ¥ =243=5 L= gup=d 47 ,=3436

Indexes [1,2,3] are now used for 1<Y<9

So for next prime p=3 the indexes Z,+[0,1.2,3] must be free

Allindexes above 6 are free, so assign Z,=7

Then recursively for all products = 3*3=81 for which an index exists. assign a logarithmic index 2 ., =2, +Z,

2 N 0y ey FUEY. 277 =T+, =T+T=14 Z 7L e L AL =T 429
7,577 1e=1 41, =T +8=15 Z,7L =L+ 2,=T43=10 Z =T g L AL =T+14=21
Z45=Z5s=25+Z,=B+8=16 Zy5=Log=Ls+Z,=8+3=11 2372l +1,=8+1402
7,77 =L 41 =3 +14=1T Z4y=7 =42 = 1441428

Indexes [1,2,3,7.5,14] are now used for 1<Y <9

So for next prime p=5 the indexes Z,+[0,1.2.3,7,8,14] must be free

The next free index far which this is sois Z,.=23+[123 7 8.14],ie. 23,24 25 26,30,31 37, the indexes are allfree, so assign Z,=23
Then recursively for all products = 3*3=81 for which an index exists, assign a logarithmic indexZ ., =2, +Z,

L=l e=E+2,=2341=24 2 =L =L AL =2347=30 2 )7L eey=L HZ,=2342=25

2o =7 =l A7 =23423=46 o=l =L A7 =2348=31 Z =L eeg=L A7 =2343=26
L=l =L L =23414=37

Indexes [1,2,3,7.8,14,23] are now used for 1<¥ <9

So for next prime p=7 the indexes Z-+[0,1,2,3,7.8,14,23] must be free

The next free index for which this is so is 2,=33+[1.2.3.7.8,14,23], i.e. 33,34 35,36,40 41,47 .56, the indexes are all free, so assign Z,=33
Then recursively for all products = 3°9=81 for which an index exists. assign a logarithmic indexZ ., =2, +Z,

Z,=72=7-47,=33+1=34 Zy=Z2=7-+2,=33+7=40 7,757 +Z,~3342=35
Zy=Zre=L 2, =33+2356 7y Lr=L 4 2,=3348=41 7 o=l 7yl +Z=33+33=66
Log=l =L ;47,=33+3=36 Zei=L =L AL =33 H14=47

Sofor 1Y <8, Indexes [1,2,3,7.8,14 23 33] are now used

The only unused integer is ¥Y=0, and although log(0) does not exist, here multiply by 0 must be valid. so Z,+(1.2,3,7.8.14 23,33] must be free
The next free index far which this is so is Z,=50+[123 78,1423 33] ie 505152 53 57 58,64 73,63 the indexes are all free, so assign Z,=50
Then recursively for all products = 9*9=81 for which an index exists, assign a logarithmicindex? .. =2 +Z

2072 g =Lyt 2, =50+1=51 Z05=Z o=y 2,=50+7=57 Z 5= gL y+Z,=50+252
Z0e=7 e=Z #2,=50423=T3 Z4o=7 =L 47 =50+8=58 Z =2 =L +Z-=50+33=83
2052 go=Lo*Z,=50+3=63 2057 Z gos=L o+ Z=50+14=64 Z 09=L yeg=L Z=50+50=100

Figure 6 Systematic method to derive Ludgate’s index nusnber
For all products Y = (1<J<9) * (1<K<9) assign logarithmic index numbers Zy = Z . = Z; + Zg
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection
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import sys

# initialise wvariables
Z=[-1]1+*200 # table of complex indexes
PP=[-1]1*200 # table of partial products
i=20;
for p in (1,2,3,5,7,0):
if Z[p]==-1: # prime not indexed yet
free=False
while free==False and i<=100:
free=True
for j in (1,2,3,4,5,6,7,8,9):
if free=—True:

for k in range (1,100):

free=False

i=i+l
if free=—True: # OE, found a desired free set of indexes
Zlpl=i # create new simple index
PP[i]=p # create new partial product

i=i4+l
for j in (1,2,3,4,5,6,7,8,9,0):
if Z[j]<>-1: # mmltiplicand simple index exists
for k in (1,2,3,4,5,6,7,8,9,0):

if Z[j¥R]=—-1:

if Z[j]<>-1: # for existing indexes

if Z[k]<>-1: # mmltiplier simple index exists
if PP[Z[]j]1+Z2[k]]==-1: # product not indexed yet

if Z[k]=(1i+Z[]J]): # check if complex index exists

Z[1*k]=Z[7]1+Z[k] $# create new complex index
PPIE[F]1+E2[k]]1=7*k # create new partial prodmct

#! fusr/bin/env python i Brian Coghlan 2020

Figure 7 Python algorithm to derive Ludgate’s index numbers
Image reproduced courtesy The John Gabriel Byrne@der Science Collection

final Luondgate Simple Index for each Unit (Table 1):
0: 50 1: O 2: 1 37 4: 2 5: 23 6: B 7: 33 8: 3

final Ludgate Complex Index for each Partial Product (Table 2):

1: O 2: 1 3 7 4: 2 5: 23 6: 8 T: 33 8: 3 9: 14
15: 30 16: 4 18: 15 20: 25 21: 40 24: 10 25: 46 27: 21 28: 35
36: 16 40: 26 42: 41 45: 37 48: 11 49: 66 54: 22 56: 36 63: 47

final Ludgate Partial Product for each Complex Index (Table 3):

0: 1 1: 2 2: 4 3: 8 4: 16 5: 32 6: 64 T: 3 8: 6
10: 24 11: 48 12: 13: 14: 35 15: 18 16: 36 17: 72 1&:
20: 21: 27 22: 54 23: 5 24: 10 25: 20 26: 40 27: 28: 81
30: 15 31: 30 32: 33: 7 34: 14 35: 28 36: 56 37: 45 38:
40: 21 41: 42 42: 43: 44: 45: 46: 25 47: 63 48:
50: D 51: O 52: 0 53: D 54: 55: B&: 35 57: D 58: O
60: 61: 62: 63: 64: 0O 65: 66: 49 67: 68 :
T0: T1: T2: 73: O T4: 75: T6: 77: T8:
80: 81: g2: 83: 0 84: 85: 86: 87: 88:
S0: 91: 92: 93: 94: 95 S6: 97: 98:

100: O

10:
30:
64:

19:
29:
39:
49;
59:
69:
EH
89:
99:

14

24
31

12

Figure 8 Results from running the algorithm of Figure 7

Image reproduced courtesy The John Gabriel Byrnen@der Science Collection

[11.4.Principles of operation of Ludgate’s logarithmidédas

12:
32:
72:

9 14: 34
5 35: 56
17 81: 28

rian Coghlan 2020

Ludgate employed logarithmic index “slides” to implent his Irish Logarithms. The slides had a Idbanic profile
representing a simple index on one aXifor each ordinal on another normal aXig-igure 9 shows a slide with annotations for
the decimal, ordinal and index numbers (based 81).[& also shows a storage shuttle with a type representing the decimal
value of ‘8’ (represented by the ordinal value !3he principle of operation is that the slide m®vight to mate with the shuttle
and rod. When it does so, it will have been dispibby a simple index of 3 units. By contrast foshattle with a type rod
representing the decimal value of ‘0’ (represerigdhe ordinal value ‘9’), the slide will be dispkd by a simple index of 50
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units. It is thought quite likely that ordinals veemsed in the storage shuttles as a proxy for eéke@vl operands in order that the

series of slide profile changesYnwould be monotonic, as this would facilitate thregressive movement of the slides along the
X axis for all possible decimal values.

&0 33 P 14 87 3210
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decimal numbers J

B8 (decimal)
0 7 - 3 (Drdinc?lj
g 8 ordinal numbers = rank [EJ] type ro
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(€} Brian Coghlan 2020

Figure 9 Ludgate’s logarithmic slide
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection

Note that the slide and shuttle Y-axis of Figuwsi®actually be edge-on, facing directly awayrfrdhe viewer (reducing their
visibility to lines as in Figure 1), but can beugitrated as shown in Figure 10 to aid understanding
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Figure 10 Re-oriented (left) Ludgate’s logarithmic slide ginit) shuttle rod extensions for simple indexesingicand ordinal values
Image reproduced courtesy The John Gabriel Byrne@der Science Collection

The upper part of Figure 1 and Figure 12 furthdoweshow a 6-digit outer shuttle and a 4-digit insbuttle, representing a
machine with a 6-digit outer operand (the multialid 813200) and a 4-digit inner operand (the nligtipd247) as per
Engineering [32]. These correspond to the variatmdse operated upon, which are from the outeriandr storage cylinders,
respectively. Figure 1 and Figure 12 also showositer slides and one inner slide. The two typeslidé are likely to have had
the same logarithmic profile, as is shown. Eacthefouter slides was to mate with a correspondigiy of the outer shuttle, and
were slightly longer (Ilength = maximum compoundergwith a pointer attached to one end. The inlide glength = maximum
simple index) was to mate iteratively with one tigiithe inner shuttle at a time, starting with thest significant digit.

The shuttles were in line as shown, and the outdrimner slides faced each other on a common its¢aline’ aligned with
their simple index ‘0’. To multiply, the slides véeemoved towards their respective shuttles (i.estities moved towards each
other). The fact that the outer and inner slidesaertowards each other (rather than apart) is ariserg-igure 11 and Figure 12
show, for example, the leftmost slide when moveth&de with the outer shuttle left type rod repréisgndecimal value ‘8’, and
therefore displaced by simple index=Z 3. Figure 11 and Figure 12 also show the inlée svhen moved to mate with the inner
shuttle type rod representing decimal value ‘94 éimerefore displaced by simple index=Z 14. Like a slide rule, the relative

displacement of the two slides is then the compdodex Z, = Zg«g = Zg + Zg = 3 + 14 = 17, representing the decimal partial
product 8*9 = 72.
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Figure 11 Multiplication using Ludgate’s logarithmic slides:

Left: outer slide at its starting position,

Right: inner slide at its starting position,
Middle: movement of slides for multiplication ¢88& 72

Image reproduced courtesy The John Gabriel Byrne@ider Science Collection
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IV. EVIDENCE-BASED DEDUCTION OFHIDDEN ASPECTS OH.UDGATE'S MACHINE

As indicated above, only a few features of his Atiedl Machine are described in Ludgate’s 1909 pgpke(hereafter called
Ludgate 1909), almost everything about its construction is wwkn, thus any more must be deduced by contextuaysia of
the paper, largely a process of logical inferenceetmination of false propositions, and mechaniocal mathematical
speculations. This document explores that apprcaided by the newly-discovered information of Ergiring [32], a copy of
which is reproduced as Appendix I.

Objective 1: Contextual analysis of the combined tes plus diagram remains questionable, but this dagnent will attempt
to show its potential to deduce lemmas and theretgssemble a body of known new design facts.

The following contextual analysis repeatedly quattgements from Ludgate 1909 and/or Engineerii2y § evidence to
corroborate deductions about the workings of LuelgaAnalytical Machine. This makes the text dense somewhat turgid, but
precise. Where necessary, some speculation wiltibzed, but clearly marked as such, in orderxplain difficult points.

IV.1.Ludgate’s Index mechanism

As mentioned above, Figure 12 reproduces the exammplltiplication of the outer operand (multiplicanidy the most
significant digit of the inner operand (multipliea} Engineering [32] and also of Figure 1, showiing partial products for all six
outer slides. Ludgate’s 1909 paper includes an stiidentical example. In succeeding iterationsitiner slide would mate one
multiplier digit at a time with the less signifidamultiplier digits, while the Mill accumulated thsicceeding partial products to
produce the result of Ludgate’s variant of long tiplication.

Ludgate’s index was more than just the slides &ndkles, and in fact was a quite complex multipjyi@f moving parts. Much
of this related to converting the relative displaeat Z« to discrete increments or decrements of a resitt bn the set of
counter wheels that Ludgate called the Mill. The slide types existed within different physicalstures. There were twenty of
the outer slides (with the pointer attached atemd) in an outer frame but free to move withirsi for illustrative purposes that
frame can be treated as invisible). In contrastethveas just one inner slide, firmly attached tdrarer frame containing multiple
blades. There was one blade per compound indexyrieeper uniquely valid partial product, as pegiBeering [32], see Figure
1 or Figure 12. The way in which the blades arepased and utilized is another surprise, but isrg elever arrangement.

INNER () Brian Coghlan 2020
SLIDE

OUTER

SLIDES
PARTIAL 25

PRODUCTS 42

~N <t ~
BLADE FOR

PARTIAL PRODUCT =49
BLADE FOR

PARTIAL PRODUCT = 35

INNER FRAME

BLADE FOR
PARTIAL PRODUCT =1

Figure 12 Ludgate’s outer and inner logarithmic index slidead inner frame with blades for compound indexes,
representing the machine with a 6-digit outer opel@and a 4-digit inner operand as per EngineeriBg][
Note that the slides and shuttles will actuallyefaiirectly away from the viewer, but are shownsa®iaid understanding
Images reproduced courtesy The John Gabriel Bymmiliter Science Collection
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It is clear from Ludgate 1909 that the 20-digit tiphy-accumulate procedure was as follows (Figuaslcut-down example):

(1) The outer (multiplicand) and inner (multiplie) operand shuttles are moved to the starting liveat the Index”, with
the inner slide aligned with the most-significamdl iof the inner shuttle (the left rod).

(2) The set of 20 outer slides move in one directiomate with the shuttle holding the value of thwer operand. The slides
convert the digits to “simple index numbers”, essdly the logarithmic indexes of the digits of th@perand.

(3) Then the single inner slide is moved in theagife direction to mate with the rod of the shutttlat it is aligned with; the
rod holds the value of that digit of the inner apet. The inner slide converts that digit to a saripex number, i.e. th
logarithmic index of the value of that digit of th@perand.

(4) “as the index is attached to the last-mentioslie, and partakes of its motion, the relativ@tiicement of the index and
each of the [outer operand] slides ... [and] poin&tached to the [outer operand] slides, which mdisnpoint to zero on
the index, will now point respectively *.to the compound index number, essentially the sfnthe simple index
numbers, representing multiplication of the opesand

(5) Next all the compound index numbers are maggetnovable blades” to numerical units and tenthefpartial products
and “conveyed by the pointer to” the Mill and acalated in the Mill.

(6) Then the Index and its attached inner slidéopers a “rapid reciprocating action” to align withe rod of the inner shuttl
that holds the value of the next less significagit@f the inner operand.

(7) Operations (3-6) are repeated for each ofalds pf the inner shuttle "until the whole produtcab is found”.

(8) Then "The shuttles are afterwards replacetiershuttle boxes".

From which may be deduced:

| Lemma 4: there is no optimization of shuttle movements, ragearly return of the outer shuttle to storage.

Engineering [32] first describes the movement ef dlater slides, consistent with step (2) abovethen states “All the slides
aforementioned are mounted in a frame, and ... thimd is moved up over another frame divided witbtlar set of index
numbers” fiereinafter called outer and inner frames respectigly). From (3) above it is clear that the inner fraanel its slide
moves as a whole in the opposite direction to titercslides.

Lemma 5: the outer slides are mounted on an outer framefrardo move lengthwise along that frame.

Lemma 6: a single inner slide is mounted to an inner fraamel the whole moves in the opposite direction ¢éodtiter slides.
The repetitions of steps of operations (3-6) farheaf the rods of the inner operand digits untd thhole product is found

can be observed in the cut-down 6-digit by 4-dégiample in Figure 13. Comparison of the quadraht&gure 13 very clearly
shows how the outer slides do not move as thetidesaof operations (3-6) above proceed. Only thei slide and its frame
move together in two dimensions (vertically up étract, then horizontally right to the next digiten vertically down to hit that
digit's type rod) as they perform each “rapid reoimating action” of operation (6) above to moveitdiy-digit from the most to
least significant digit of the inner operand.

[0

(1]
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OUTER
SLIDES
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SLIDE
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PARTIAL PRODUCT = 49
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PARTIAL PRODUCT = 35
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BLADE FOR
PARTIAL PRODUCT =1

Figure 13 Ludgate’s procedure for multiplication of two opads,
representing a machine with a 6-digit outer operamd a 4-digit inner operand as per Engineering][32
Top Left: iteration 1 steps 3-5, multiplicand ‘8 &2 multiplied by multiplier digit ‘9’
Top Right: iteration 2 steps 3-5, multiplicand ‘@8’ multiplied by multiplier digit ‘2’
Bottom Left: iteration 3 steps 3-5, multiplicand 3800’ multiplied by multiplier digit ‘4’
Bottom Right: iteration 4 steps 3-5, multiplicar@1.3200" multiplied by multiplier digit ‘7’
Iteration step 6 occurs between each quadrantefitjure to move the Index and its attached intidego the next multiplier digit
Note that the slides and shuttles will actuallyefairectly away from the viewer, but are shownsa®iaid understanding
Image reproduced courtesy The John Gabriel Byrne@ider Science Collection

Figure 14 shows an early 3D rendition of the pdesie-imagined Ludgate races, shuttles and Indefopring the first
iteration of the same multiplication as show inufeg 13, i.e. positioned as shown in Figure 12 anthé top-left quadrant of
Figure 13. Figure 15 shows a top view (as per idyrof this 3D design performing the iterationgmothe four least-significant
multiplier digits ‘9247’. Again a principal chara&etstic is that the inner frame and slide move togein two dimensions with
each iteration to reflect the value of the mulépldigits, while the 20 outer slides remain static.
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INNER SLIDE : INNER FRAME

BLADES

INNER SHUTTLE

20 OUTER SLIDES

RODS = 9247

RODS = 813200

rian Coghlan 2020

Figure 14 Early 3D rendition of Ludgate’s races, shuttles dandex for multiplication of two 20-digit operands,
performing the first iteration of the same multialfion as shown in Figure 13,
with multiplicand ‘813200’ multiplied by multiplie®247’ as per Engineering [32]
(the sign rod is at the top of each shuttle, nexthe least-significant digit's type rod).
From top to bottom: front, left-rear and right-rediree-quarter views
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection
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Figure 15Early 3D rendition of Ludgate’s procedure for mplication of two 20-digit operands,
but with multiplicand ‘813200’ multiplied by multier ‘9247’ as per Engineering [32]
From left to right: top view of iterations 1 to 4 steps 3-5 as per Figure 13
Images reproduced courtesy The John Gabriel By liter Science Collection
Practical design involves issues that are not aglevo operating principles. For example, Figureshéws an early 3D
rendition of a re-imagining of a slide. It is vahin to limit weight, but has strengthening stransd has extra height for slots on
each side along which it may slide on bars thabditween each slide. The bars are intended to the@pa frame (which is not
shown). Each slide is located by two bars on eatsh($our bars in all), to guarantee physical aligmt,

() Brian Coghlan 2020

Figure 16 Early 3D rendition of a re-imagining afudgate’s logarithmic slide

Image reproduced courtesy The John Gabriel Byrnen@der Science Collection
Further explanation of more surprising aspectdheflhdex is greatly helped by the text of Enginegi32] and its diagram,
shown in Figure 1 (and in Figure 12 and Figure 23)important clue is disclosed in Engineering [3&hich states “A slide to

denote decimal 8 is set #" above the zero or starting line” (i.e. decimais&epresented by its proxy ordinal 3). In this and
other statements, Engineering [32] clearly dematetr a fundamental unit of the machine sizéxkls(not unexpected for
Imperial measurements), that the logarithmic insieade is in units ofz” and extends over the length of the largest sinmdex

(50 units, i.e. §4’), and that the total allowed movement of an ostite is 50 units, similarly for the inner slid&hen both are

at maximum relative displacement, the space ocdupil be 100 units, but beyond that the inner feawill extend to the length

of the largest compound index#Z= Z; + Z; = 33 + 33 = 66) units, i.e&’, so the maximum space occupied is 166 units, i.e.
20%4'. Ludgate 1909 states the machine is “26” long, ¥ad, and 20" high”, so the available interngse is just adequate.

Engineering [32] clearly implies the slides embaiyiple indexes versus ordinals, not decimalsTaek 4

BrianCoghlan-PercylLudgatesAnalyticalMachine-2022ZB2305.doc
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Decimal Ordinal Ordinal Simple Slide

operand number profile stop index profile stop
0 9 0.000” 50 6.250”
7 8 0.125” 33 4,125
5 7 0.250” 23 2.875”
9 6 0.375” 14 1.750”
6 5 0.500” 8 1.000”
3 4 0.625” 7 0.875”
8 3 0.750” 3 0.375”
4 2 0.875” 2 0.250”
2 1 1.000” 1 0.125”
1 0 1.125” 0 0.000”

Table 4 Ludgate’s logarithmic slide scales

Some important spatial relationships on the diageaennot immediately obvious. Mechanically, Figireshows the outer
slides (with pointers) are the same length as ineri frame, 66 units, i.e. 16 units beyond thedsargimple index. This is
because the pointers and blades are used to ddupartial product. Each blade represents a partauct. The crucial point
is that the slides and frame all align along a comrstarting line, so when idle all the slide tipglahe top blade (the partial
product line marked “49”, where;& = Z; + Z; = 33 + 33 = 66) all lie on the starting line, ahd pointers lie above the bottom
blade (the line marked “1", wherei.{ = Z; + Z; = 0 + 0 = 0). When an outer slide moves up, it&ijeo moves up over the
blades. When the slide mates with the shuttle ptiiater will lie over a blade that indicates théevant partial product. The
“pointers” are not mentioned in the text or diagrafrEngineering [32], but Ludgate 1909 states tpainters attached to the
four slides ...now point respectively to the 17.. divisions of the index", i.e. to horizontahdis marked “72 ...” that have the
round dots at the bottom end of the slides on EiduiThis confirms that the pointers are at theevddd of the slides, where they
lie above 4« = Z;+ Z.

Lemma 7: a fundamental unit of the machine siz&4s.
Lemma 8: the logarithmic index scales are in units/gf.

Ludgate 1909 states that "pointers attached tofdbe slides, which normally point to zero in thedéx, will now point
respectively to the 17th, 14th, 21st and 15th diwis of the index ... corresponding to the parti@ducts 72, 9, 27 and 18" (as
in Fig.14 and the top left of Fig.15), and the @groducts "are conveyed by the pointers to tilE.n$o the output is from the
wide end of each slide, i.e. from different posisaelative to the starting line. There would beagradvantage from fixing the
position of the Index outputs and Mill so that sfar of value from one to another was conveniemtttis is a false proposition.
Ludgate does not imply Index outputs are placealfiRed or convenient place (e.g. the starting)line

Lemma 9: Index outputs are not placed in a fixed or conveinidace relative to the Mill.

How do the pointers know the partial product valué€s Figure 1, the pointers lie above blades ornirther “frame” attached
to the inner “slide”, and both diagram and accompantext of Engineering [32] show there are widades at partial product
positions, not for 'zero' products, and not evergh The blades actually must cover (and be sigtitler than) the span across
both sets of shuttle rods. Ludgate 1909 stateblddes are movable, and move for a “duration” regméng the partial product
unit or tens value, "the duration of which displaesits are recorded in units measured by the drisfradt on a train of wheels
called the mill*, so a blade moving “duratiol' leads to a pointer moving, which leads to the Nfitrementing byN. The
diagram implies (but does not mandate) the poitie@bove the blades, in which case the pointensldvbe moved or hit by the
blade from beneath.

Since pointers are in different positions, sevditierent blade and pointer combinations move siamdously from different
points in space. Figure 1, Figure 12, Figure 13 Apgendices | and Ill all show just six outer skdeith pointers, but in
Ludgate’s complete machine the Mill has to regigher motion of 20 pointers across the horizonafdr ordinal) axis that are
not aligned on the vertical {or index) axis, and where blade movement can brlyowards the viewer on the for product)
axis, and where blades must move different “duratidor units and tens of partial products. And timenbination of positions
and movements must be repeated, but with differahtes for each digit of the inner operand (mukipl To do this, Ludgate
employed coordinate transformation, where a valoegaone axis is mapped to another value on argathal axis.

Ludgate reduced the multi-dimensional mapping mobby iterating over one inner-shuttle digit numpet a time, and
mapping units first then tens. With reference tgué 1 for each his approach is equivalent to multiport 2-d magpiombined
with 2-d coincident addressing @ and| axes, with the data (partial product units or yénghe 3 dimensionP. This is very
clearly shown when describing the Index as an dlyoic state machine, see Algorithm 1 in pseudo-@8ICwhere SEQ and
PAR identify sequential and parallel actions, ard and “=" identify synchronous (“event-triggeredt “clocked”) and
asynchronous behaviours.
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PARI=1to 20 # do simultaneously foralter operand digits
Outer_S.indexj := map_1i) # S.indexeB(on I-axis < outer_operand_digif( on O-axis
SEQj=1to 20 # iterate over inner opérdigits
Inner_S.index{ := map_1j) # S.indexef(onI-axis« inner_operand_digif) on O-axis
PARI=1 to 20 # do simultaneously foralter operand simple indexes
SEQ # but for each outer opdr&.index do the following sequentially
C.index() = Inner_S.inde}] + Outer_S.index] # C.index{) onl-axis =X(S.indexes) om-axis
p.product_digit( := map_2(C.index(units)) # p.product_digit] onP-axis« C.index(, units) onl-axis
p.product_digii@1) := map_2(C.index(teng) # p.product_digité-1) onP-axis< C.index(, tens) or-axis

Algorithm 1 Pseudo-OCCAM description of Ludgate’s Index maggpin
“S.index” refers to simple index and “C.index” refeto compound index

Ludgate 1909 stated a “carriage” moves to seleits @n tens. Perhaps this “carriage” can jog blagsldeways to select units
or tens in the form of a stepped blade profile atipg per multiplicand digit. Perhaps slides cougister” partial product units
on a “units pointer” on its one side, and then ‘terriage” jog the slides sideways to do likewise fens on its other side,
Perhaps there was a separate blade for units atleardor tens, although Ludgate 1909 implies iisot so, and the diagram of
Engineering [32] only shows one blade per partiapct. Just how the “carriage” was utilised reraan open question.
Regarding the blades themselves, some relatedghthte facts can be deduced from Ludgate 1909:

(1) "system of slides called the index", i.e. '&mtlis the whole system of slides, but confusiriglpther instances the Index
clearly includes the inner frame and blades tod,iamther instances seems to be just the innerdrand blades.

(2) "[the index] may be compared to a slide-rulevanich the usual markings are replaced by moveblades", i.e. the
blades determine the partial products.

(3) “blades” move for a “duration” representing arfial product digit. This blade motion can only &eng theP-axis
to/from the viewer of the diagram of Engineering][3

(4) "index is arranged so as to give several remdsimultaneously”. It can only do that if it igpknar structure as in the
diagram of Engineering [32].

(5) "The numerical values of the readings are midid by periodic displacements of the blades meetiy possibly,
"periodic" increments ofz”.

(6) "In the index the partial products are exprdssechanically by movable blades placed at thevate shown in column 2
of the third table". Therefore on the inner fratere are moveable blades protruding alongtaais to/from the viewer
one blade for each of 35 non-zero partial products.

(7) "Now the duration of the first movement of aslgde is as the unit figure of the partial prodabtich it represents”. This
strongly indicates that there is only one bladegaetial product (not one for units and anothertéms), and it first moves
along theP-axis for units, and later after carriage motiopatforms the same function for tens. Ludgate 1€96afes “most
of the movements ... are derived from set of camsegalaon a common shaft parallel to the driving shafhese
displacements could be easily implemented by uypierkteps or cams, e.g. a double-lobe cam peeldadld create the
units then tens movements.

(8) "which movements are conveyed by the poinithé mill". As it is clear the pointers are attedho the slides and move
with the slides, this statement is mysterious.

This conveyance from pointer to Mill in (8) abovenrains the most mysterious aspect of the IndexMitidWhere is the
Mill, does it move, and how are Index output valwesiveyed to it? Engineering [32] says that thetiglaproducts are
“registered” before “finally being added in the MilHence “pointers” must “convey” or “register” ¢h“duration” or the
existence of the “duration”, which Ludgate 1909 ssayust be “recorded in units measured by the dyighaft on a train of
wheels called the mill". And yet when blades mate, pointers (which are in different positions) canfy move along th&-axis
to/from the viewer of the diagram of Engineering][ot towards the Mill. This poses two classeprafposition.

The first “direct” class assumes “duration” meatstahce, which might suggest each pointer has agpanechanisms that
directly act to “register” the partial product unidnd tens before conveying them, or alternatitledy perhaps the “carriage” can
directly shift some “conveyance” mechanism, or that “conveyance” employs mechanisms to directlyvey partial products.
The blades could be driven by double-lobe cams foetow, where units and tens halves have fixedaagie raised segments
with a variable height proportional to the parpabduct digit magnitude, equivalent to the “duratidlike car engine valve cams
but with two opposing lobes), see the left sid&iglire 17.

The second “indirect” class assumes that "duratio®ans time, with indirect action, so in the timeéblade movesN
increments, a driving shaft also indirectly acts'egister” the duratiorN, and when the blade hits the pointer this act®n i
forcibly enabled or disabled. This would nicely deple the Mill from the Index. In this case, thedés could be driven by
double-lobe cams from below, where units and tealvels have fixed height raised segments over aabiariarc-angle
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proportional to the partial-product digit magnitueéguivalent to the “duration”, see the right sidé-igure 17.

{) Brian Coghlan 2020

UNITS =2

Figure 17 Left: Double-lobe cam with variable height raisesyments (proportional to partial-product digit matyie) over a fixed arc-angle
Right: Double-lobe cam with fixed height raisedreegts over a variable arc-angle (proportional tatpe-product digit magnitude)
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection

Either class of propositions would be consisterthweioth Ludgate 1909 and Engineering [32], buthi@a &bsence of further
information it has not yet been possible to diffeiate further.

Figure 18 shows early 3D renditions of each typeaoh (i.e. for each class of propositions) fortladl valid partial products.
However the blade movements will be preceded bgratiechanical movements (e.g. move frame, reldakes) and followed
by further mechanical movements (e.g. retract sligeove frame to next multiplier digit), so the ddamovements will only
occupy a portion of the camshaft revolution. Heimceeality the cam lobes will only occupy a portiohthe cam revolution, and

the cams will need to have a much larger diamé&#ner cams on the same shaft, or on a synchronoelsiied shaft, may
control the other mechanical movements.

Brian Coghlan 2020

Figure 18 Top: Double-lobe camshaft with variable height elssegments (proportional to partial-product digiagnitudes) over a fixed arc-angle
Bottom: Double-lobe camshaft with fixed height edisegments over a variable arc-angle (proportidongbartial-product digit magnitudes)
There is one cam per composite index, with theigdgstoduct units lobes at the front and tens lobethe rear
Composite index 0 (partial product 1) is at leftdacomposite index 66 (partial product 49) is afhti
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection

In the absence of detail about the mysterious “egarice”, it is useful to outline three very diffetspeculative but workable
solutions that adhere very closely to Ludgate 18068 Engineering [32]. These cannot be the onlyiplessolutions, but the
mechanical details of any other must also adhere.

The first solution assumes "duration” is time,lddldes have the same height, blades can indepéndkdé¢ upwards towards
pointers, "blade movement" is a fixed distanceariable duration, "register" means to register ld@aaccumulation”, "carriage
near Index" is a bar between Index and Mill, an@Venfrom units to tens" means to move the bar fomits to tens digits. The
blades are moved up by double-lobe cams with fheidht variable arc-angle raised segments, wherarlle is proportional to
the partial-product digit magnitude (see Figurerigiit). The “carriage” bar moves between units s digits in lockstep with
the cams, i.e. the bar jogs, not the Index or Milhen raised by its blade, a pointer activatesnysterious “conveyance”, a
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flexible cable, to stimulate an "enable" lever belihe bar to engage escapements or gearing synzédoto the main motor
shaft to increment/decrement either its units os tdill digit wheel as per the bar position.

An early 3D rendition of this possible “re-imagiridddex is shown in Figure 19, with the Mill assuin® be fixed in position
beyond the movable decimal-point carriage barhgieind of the flexible cables), see further below.
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Figure 19Early 3D renditions of a possible re-imagined Lutiglndex with flexible cables terminating in deckpaint carriage bar
Images reproduced courtesy The John Gabriel Bymmmiliter Science Collection

As long as the blade is raised, the digit will Brment/decrement. “Enable levers” below the decipoétt carriage bar are
pushed by the flexible cables to engage a mechaimsame way for increment, and another way witherse rotation for
decrement (as per Ludgate 1909). Figure 20 showls aureversible escapement mechanism, althoughsibklee gearing is
equally applicable. It appears that most mechamioahters use escapement for their first (leastifiignt) stage to guarantee
discrete incrementing. In the case of Ludgate’d,Mdch wheel is in effect its own first stage asoescapement may be the most
appropriate mechanism.
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Figure 20 Speculative “conveyance mechanism using flexibidesato “enable” Mill wheel increment/decrement @sement
TO BE DONE: The top layer of escapement levers (included plseeholder) should be a sign management mechanism
Image reproduced courtesy The John Gabriel Byrne@ider Science Collection

The mechanism shown in Figure 20 is very specuathn enable lever keeps increment, decrement afltllavers in the
“hold” state until the flexible cable pushes thealele lever into the “enable” state. A snail cam toarously rotates in
synchronism with the blade cams to trigger incremm@ndecrement by releasing the hold lever, whisklf allows either an
increment or decrement lever to strike an escapegear. Increment or decrement is selected by ngoam “inc/dec frame”
sideways such that it keeps either the incrememtegrement lever in its “hold” state. The enablesteand inc/dec frame are
only moved when the cam is in the “hold” region.eTihcrement, decrement and hold levers are spoaddd as required for
escapement. In contrast the enable lever needdightyspring-loading to maintain the hold statéus the flexible cables only
require light activation force (an important reguirent). This escapement mechanism is replicatedafohn of the 20 Mill digits
as shown. A twenty-first escapement gear is inaude overflow detection.

This design is only illustrative, as the cam pmfigear lever involution angles, increment and eleent facets, and their
relative positioning, have not been formally desidinand the design does not include a carry mesfmamdr a sign management
mechanism. Nonetheless, eight common problems\ereame. Firstly, if a slide is at index 50 (remting zero) then there is
no blade to raise its pointer, so no increment&teent will occur. Secondly, any partial productt ttemminates on any part of
the decimal-point carriage bar that is beyond thie Wl not be added. Thirdly, any Mill digit thais beyond the decimal-point
carriage bar will be unaffected. Fourthly, the metpower for the blades and pointers comes fronbthée cams, and that for
the Mill comes from the motor, neither comes frdma flexible cable “conveyance” (which is driventhe pointers). Fifthly, the
flexible cable “conveyance” has a very tolerantapynaction: either “enable” or “disable”. Sixthiya Mill design is not
constrained. Seventhly, the flexible cables allbe Mill to be wider than the Index, which allowsrare complex Mill wheel
design and also decouples the Mill design fromltiskex design. Finally, if the flexible cable com® made of spring steel then
the cables provide the motive power for movingsliges once they are released.

The second solution assumes "duration” is lendthhlades have the same height, blades can indepégdslide upwards
towards pointers, "blade movement" is a variabfaglice of fixed duration, "register" means to regisdata”, "carriage near
Index" is a bar between Index and Mill, and "moranf units to tens" means to move the bar from uaitens digits. The blades
are moved up by double-lobe cams with fixed ardeangised segments with a variable height, wheeeh#fight is proportional
to the partial-product digit magnitude (see Figliteleft). The “carriage” bar moves between unitd &ns digits in lockstep
with the cams, i.e. the bar jogs, not the IndeMdk. When raised by its blade, a pointer activatsanysterious “conveyance”, a
tooth to jam a ratcheted rack that is driven byriggafrom the main motor shaft to increment or @seent either the units or tens
Mill digit wheels, see Figure 21.

TO BE DONE

Figure 21 Speculative “conveyance mechanism using a toophintoa ratcheted rack to halt Mill wheel incremeettcement
Image reproduced courtesy The John Gabriel Byrnen@der Science Collection
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Until the blade raises the pointer high enoughato fhe rack, the digit will increment/decremente Tack engages gearing for
increment, and other gearing with reverse rotafiiwrdecrement (as per Ludgate 1909). Similar compraiblems are overcome
by this approach, e.g. if a slide is at index 58p(esenting zero) then there is no blade to réasepointer (so no
increment/decrement will occur), nor is the Millsigh constrained.

The third but very different solution assumes "dord is length, all blades are fixed in the infietme, the whole inner frame
with inner slide and blades moves upwards towaailsters, "blade movement" is a variable distancixefl duration, "register”
means to register “data”, "carriage near Indexivigt positions the Index relative to the Mill, ahdove from units to tens"
means to jog the whole inner frame with inner skael blades sideways from units to tens digits. Blagles have a stepped
profile representing partial product units and tena repeating pattern across the blades, i.eurtiis and tens steps each have
their own variable height proportional to the parproduct digit magnitude, equivalent to the “diom’. The whole frame is
moved up by a double-lobe cam with two identicakdi arc-angle raised segments of height propoititmghe maximum
partial-product digit magnitude (see Figure 17)lefhe “carriage” jogs the inner frame betweensuaitd tens digits in lockstep
with the cam, i.e. the Index jogs relative to thél.MVhen raised by its blade, a pointer activatesmysterious “conveyance”
(e.g. either of the conveyances described abovéjc@ment/decrement the Mill. One issue is that jitlgging and upward
movements of the inner frame decouple the inndedliom the inner shuttle, so the frame will needbé locked in its position
on thel-axis while the movements take place. An intergstiariant would employ separate units and tenstesrthat directly
‘register’ the blade displacements on ratchetellsatong the pointers (with blade profiles ensungy one pointer moves at a
time), so that when the twenty outer sliders aterned to their starting position they physicaltphvey’ the pointers to engage
with the Mill, where the displacements are reverskdreby incrementing/decrementing the Mill —this would be challenging

on a&” pitch, but might resolve some mysteries regardigMill (see Section 1V.3) and carry propagatfsee Section IV.6).
All three are entirely speculative solutions toadasence of any relevant detail in Ludgate 1909ngjiteering [32].

IV.2.Ludgate’s special mechanism for ordinals

Ludgate 1909 says: "ordinals are not mathematigalportant, but refer to a special mechanism wighnot be described in
this paper” (why? patent application?). Ordinals@y rank the logarithmic indexes in increasing esrdbut the statement
implies they are used in some way. Ludgate givegdization that the shuttles hold ordinals rattiem ordinary integers, but
Riches (University College Swansea) [42] assumesstiuttles hold ordinals, whilst McQuillan [38] hoassumes this and
discusses why. Ludgate does make clear that tHenkdels hold decimal values, so there are twoals/possibilities:

(1) Shuttles hold decimal numerical values, sibeaAvack would be unmapped from Mill to shuttles &torage, and the special
mechanism would convert the shuttle numerical \&aboeordinals for input to the Index. This wouldedewo converters,
one each for outer and inner shuttle, but wouldvak fanout from the shuttles to a wider Mill.

(2) Shuttles hold ordinals, so write-back woulel lmapped via the special mechanism to convert Mitherical values to
ordinals for Storage. This would need just one eoter at the output of the Mill.

Simplicity would favour option (2), i.e. shuttlesltl ordinals.

How then could the special mechanism convert froenrtumerical values to ordinals? Figure 4 on payef/Riches report
[42], an excerpt of which is shown in Figure 22, instructive. It proposed that to store a reswtmf the Mill, a shuttle
(presumably with all rods extended) should be pdstre mate with notched sliders displaced accordmghe Mill wheel
rotations (perhaps via racks). Shuttle rods wohkhtbe backed into the shuttle according to noggttes, so that Mill wheel
rotations would map to notched slider displacememitsch would then map to notch depths proportidoaksult values, where
the latter mapping could be to ordinals. In thisecaome further mechanism would be needed to allmgate’s Divide and Log
cylinders to store ordinal results directly intatles, or perhaps to engage with the notchedrslide needed to achieve this.

This is a viable solution, but could easily be egted to fully integrate the Divide, Log, and anliertconceivable cylinders.
Ludgate 1909 states a cylinder value “comes oppdsit set of rods. These rods then transfer tivabar to the proper shuttle”
— these “rods” could be Riches’ notched sliderds Eould allow integration: each Mill wheel couldw other cylinders, e.g. an
extra cylindet with values representing the Mill contents, alddgshe Divide and Log seeding cylinders, all stgthe “special
mechanism” between the Mill and Storage (see Sedtia3 for how this might resolve other mysterie&} per Ludgate 1909,
the 20-digit Divide and Log cylinders would be aglsfed with the three most-significant Mill digiseé Section 1V.8) — the
example extra cylinder would need to comprise eifftecylinders, each independently addressed byiltdigit, or perhaps 7
cylinders of 0-999, each addressed by a differabseat (triple) of the twenty Mill digits (the lattsolution would ensure all
cylinders had identical diameters and mechanisitspwgh 0-99 of the Divide and Log cylinders woldé unused). All
cylinders could output results to a shuttle via ‘thgecial mechanism”, which would realize mappingotdinals. Alternatively
that mapping could be done by the cylinders, wiiletdepths proportional to ordinals and the notctietérs realizing identity
mapping. In either case Figure 22 shows the liagybiath via which such cylinders would in effecttesordinals to shuttles.

in previous versions of this document this watedsdn “Ordinal” cylinder, a potential misnomer.
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Therefore let us propose that the formats of thabrers in the shuttles, Index and Mill are ordingisiple/compound indexes,
and ordinary integer numerical values respectivahyd that all cylinders engage the special mechmaiisconvert numerical
values to ordinals. The propositions need to befaly scrutinized, as clearly Ludgate could hawended other arrangements.

Proposition 1: Let us propose numbers in Storage are ordinals.
Proposition 2: Let us propose Ludgate’s “special mechanism” isémgnted for any cylinder to convert from decimal®rdinals.
Proposition 3: Similarly, let us propose Ludgate’s Divide, Log ard/ other cylinders are addressed in decimal.

PER. O

DISFLACEMEN CVLINDER

=iy / /f .

20 TMDEX
— SLIDES ¥
[see fig. 31

2% 20 NOTCHED
SLIDES T0
CARRY NUMBERS
FROM "MILL 10
SHUTTLES.

SHUTTLES
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"ACCEPT 1
NEW DATA. oy

MULTIRLIFR
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Figure 22 Left: Figure 4, page 76, of Riches report, showshgttle rods pushed to mate with notched sliders
Image reproduced courtesy Professor John Tudleiversity College Swansea, UK
Right: Conjectural diagram of path for cylinddswrite ordinals to shuttles
Image reproduced courtesy The John Gabriel B@amputer Science Collection

IV.3.Ludgate’s Mill

More complex Mills could not fit withifs”, but might within¥/2" or 3&". This highlights that it might be convenient tase

the Mill on a wider pitch thaks” (especially to propagate carries, address Diviakgy and any other conceivable cylinders, and
support any related actions).

The mystery of conveyance from pointers also ingp#wt Mill. Ludgate 1909 gives little detail:
(1) "a carriage near the index now moves one siegifect multiplication by 10". He doesn't say timaill carriage”, so it
seems the Mill does not move, instead a separatega moves.
(2) "the duration of [blade] displacements are rded in units measured by the driving shaft omaitof wheels called the

mill". As discussed before, this might suggest Ml is incremented by the driving shaft, not byetlpointers, i.e.
“duration” is time.

But Engineering [32] includes new and puzzling detaf how the Mill is affected:

(3) For the 1st digit "9" of the multiplier “All #se partial products are registered in the milbwebs indicated”, and "In a
final operation these partial products are addgdtteer as indicated, giving 7,318,800". Does tfirsal operation” imply
racks or wheels that “register” partial productsd @hat the "final operation" adds these to furthgartial-sum wheels"?
Or does it just mean “finally the result is 7,3168)8?

(4) For the 2nd digit "2" of the multiplier "Thegartial products will then appear on the mill areddeided together, giving
the result of the multiplication of 813,200 by 2iof 7,318,800 + 813,200*2). Does the absence afragtation mean a
set of “partial-sum” wheels for each multiplier iy

(5) Finally “The process is repeated for the renmgriigures of the multiplier, and the whole addedether so as to give the
product of 813,200 x 9247". Does this mean yet lzarotfinal-product” set of Mill wheels? Or again @it just mean
“finally the result is 813,200 x 9247"?

These sentences appear to be in contradiction hitlgate 1909, which seems to imply that the pamiedducts are
accumulated on just one set of Mill wheels. Whatgltregister” mean? Mechanically, it may mean tgsptally “convey” the
partial products to the Mill, with jogging righteh left to add units then tens, perhaps via geawsther side of Mill wheels, or

via “open” or “spur” differentials [43]. Alternataly, "register" may reflect a different use of lange, e.g. to register an
“enable" by activating a mechanism to allow accuatiah by the Mill as in Figure 20 or Figure 21.
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As a further alternative, “register” could meamster to one set of Mill wheels, but accumulatienaosecond “final-product”
set of Mill wheels as per (3) and (5) above. Ludiatise of cylinders as lookup tables would allbent to double-act as this
second stage of the Mill, rotating to accumulatelécimal (eliminating “addressing” of cylindershdaresolving contradictions.
It would be physically efficient if cylinders weggouped as 7 cylinders of 0-999, each accumuldting different triple of the
twenty Mill digits, consistent with suggestions $&ction V.2 above; this would providea’ rather than’s” pitch for the
mechanism, and reduce carry mechanisms by a fatthree. The penalty would be increased accunauiaime (counting O-
999 rather than 0-9), which would contradict Lu@gmtiming claims, so mystery remains.

In addition, the term “register” may be relatechemdling decimal-points. If numbers have a decipmaht, then each multiply
result decimal-point will depend on its operandiaed-points, and may differ from the accumulated| Mécimal-point. So the
result may need to be aligned to the Mill decimailnp before accumulation.

IV.4.Ludgate’s data format

Ludgate’s numbers used a sign-magnitude formaturgig shows anx' beyond the least-significant end of the digitstioé
outer frame. This can only be the sign, and theeetiee sign is stored beyond the least-significatfiter than the most-significant
digit. Given multiplication begins at the MS diditis may be mechanically significant.

Lemma 10:sign is stored beyond the least-significant digit.

Were numbers left or right justified? For the cadere S.index(8132)=3071 and S.index(0)=50, Lud$8@d stated that “the
first four slides will therefore move 3, 0, 7, ahdunits respectively, the remainder of the slideicating zero by moving 50
units." Does “first four” imply numbers are righistified? The answer is no, since if the “remaifides all leading zeroes, why
say “first four”, as a fifth would not exist.

Ludgate 1909 also stated “Another slide moves .théosimple index number of the first digit of theltiplier”. This (and
more) indicates long multiplies started with theltiplier left digit. But does that imply numbersealeft-justified? The answer in
this case is maybe. But there is a problem withjlestification, as then the decimal point positioast be known, otherwise “1”
could mean any of £ao 1G°.

There are only three remaining possibilities: (a)nbers are floating-point, (b) numbers are fixe@hpand (c) numbers are
left-justified. Which of these did Ludgate emplof#loating-point format is likely to have been fimo ambitious for the time
(although Torres y Quevedo published a paper desi@@11 [7]). However, Ludgate said: "the positafthe decimal point in a
product is determined by a special mechanism wisichdependent of both mill and index." This suggesy implied decimal
point position may be capable of being variadd that it wagn issue for Ludgate. But he also said “rods f@rgfigure of the
Variable, and one to indicate the sign”, i.e. odigits and sign were stored in a shuttle. No rod wsed for decimal point.
Without rods for decimal point, floating-point aft-justified numbers cannot be used. Hence numinest be fixed-point, with
an implieddecimal-point placement.

Lemma 11:numbers must be fixed-point |

This suggests the decimal point in operands andtsesould be known to the programmer. The diagodEngineering [32]
shows a multiplicand of "813200", without indicatimn implied decimal-point. It could be after digit or as an arbitrary
example, say after digit 18:

+813200.00000000000000 or +000000000000813200.00

In the limit, allowing an implied decimal-point prides an exponent range as follows:

+0.0000000000000000001+4.0 x 10" to +10000000000000000000+1.0 x 10™°

Potentially the decimal-point could be controllednsanaged from the upper keyboard (like the IBM /880floating-point
precision could be varied with a control-panel s&le[44]), but Ludgate 1909 stated the number-papée upper keyboard are
synonymous, so this implies any control was vianatruction that could also be read from the nunpagrer.

IV.5.Ludgate’s decimal-point alignment

Wherever the decimal-point is, since divide anddpgrations rely on multiply, add and subtract apens, and the latter two
preserve any uniformly implied decimal-point, thewltiply may be the only operation for which thectheal-point must be
aligned. In most accumulator architectures thiglage via shift instructions, but this appears toeleluded by Ludgate’'s
statement that decimal-point position is "determiriedependently of these [divide and log] formulae&. those formulae
(which use multiply intensively) neither know nare about the decimal-point.

He also states “the position of the decimal-pain&iproduct is determined by a special mechanisiohwik independent of
both mill and index”. This suggests a separate mmgism that can be set to determine the decimakdoinsubsequent
operations, and that its impact is on the produact the Mill. The special mechanism would needb# set statically or
dynamically as required by the programmer. It wahkeh align subsequent products with the accuntdilasult.
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By way of example, for multiplying 6-digit numbenrgth the decimal-point in the middle:
005.210 * 002.710 = 000014.119100
This can be represented as integer multiplicatidiowed by scaling (shifting right by 3 digits):

005210 x 002710 = 000014119100 / 1000000 = 00009400— 014.119
Within the special mechanism, scaling is most gahe by shifting. There are two reasonable ogtion
a) Pre-shift with a 20-digit product or wider begothe least-significant digit for more accuracypeated shifting during
multiply is required, but overflow detection is gas
b) Post shift with a 40-digit product: overflow detion is harder, but shifting can be a subseqaetign.
Any alignment operation is likely to have been desd to allow left or right shifts by 1<N<20 digits
‘ Lemma 12:the "special mechanism" is likely to support agmtent operation.

A 40-digit product as per (b) raises other isseas, rounding (but Ludgate 1909 does not mentipmitthe fact that Ludgate
only allowed 20 time-units for the final ripple ca(but it isfeasible to do onlP0-time-units of the ripple carry).

The early 3D rendition of a “re-imagined” Index slmoin Figure 19 includes a bar as the special masha The bar acts on
an "enable" lever below it to engage a gear (pgit)dirom the main motor shaft, so as long as aéfpointer is raised, its
digit(s) will be enabled to increment/decrement.change the decimal-point position, here the sjibésles, pointers and Mill
do not change position, only the bar shifts legtitj but since the principle is relative alignméetween bar and Mill, the bar
might equally well be fixed and the Mill shiftednAnstruction shifts the bar versus Mill so thatyotihe digits that should for
that decimal-point setting are affected. This metdma supports non-accumulation of zeroes, and"aisaffected digits", where
depending on the alignment, some Mill digits wi#l beyond the bar, and so the enable lever for thosfected" digits will not
move. This workable solution adheres very closely.tidgate 1909. Again this cannot be the only fdsssolution, but any
others must also adhere.

Alignment might also explain Ludgate’s choice toltiply in reverse to the traditional order (witls ibwkward step left then
two steps right mentioned in Section I11.1), améy have been an optimization to allow early teation of multiplication once
the partial products became less significant thenMill's least-significant digit (but his fixedntiing for multiply implies this
was not done), and/or to allow skipping zeroes naaiiekly, and/or to facilitate carry propagation.

IV.6.Ludgate’s carry propagation

Ludgate said he had a new way to do carrying whieboupled adding and carrying, and he stated Heat'darrying is
practically in complete mechanical independenctefadding process, so that the two movements edosienultaneously”, that
“the sum ofm numbers oh figures would take (@ + n) units of time” (‘n” represents a final ripple carry at the end oéquence
of m additions), and for multiply, the = 20 digit multiply-accumulate involvingh = 40 additions would take ((9 x 40) + 20) =
380 time-units. If carrying is serialized, multipiould take 420 time-units, therefore his timingggest synchronous pipelining
of ripple carries, overlapped with mechanical moeats, 30 years before the simple use of pipelimnguse’'s Z1 and Z3
computers and 60 years before its use in supercens45].

Ludgate’s multiplier inner slide and frame proce@dsn MS to LS multiplier digit. For any multiplietigit N, after the partial
products units register/add there is mechanicalem@nt of a “carriage near the Index" in order titcdwto tens. If units carry
was synchronously latched, then its propagationidctne overlapped with this movement. After the &rproducts tens
registers/adds, the movements back to the unitésdigcurs, and if their tens carry were synchraholatched then their
propagation could be likewise overlapped. In eaabec(sum + carry) is always less than 19 so dadiges (i.e. >19) are
avoided, in contrast to if units and tens carriesrewpropagated together. The “carriage” therefduesgeach digit two
opportunities to propagate a carry, allowing upgwo synchronous carries overlapped ("hidden") beltarriage movements,
and optionally another (highly unlikely) one behihé inner slide and frame movement to the nextig®.

Proposition 4: synchronous ripple carry propagation is overlappikd mechanical carriage movements, effectivelyrtglzero
time-units.

The corollary is that the time allowed for theseriege movements must be long enough for the a¢ariycrement the wheel.
Proposition 5: time allowed for the mechanical carriage movemgwtnie time-unit. |

A counter-argument is that if the two movementsaidallyproceed simultaneously, then Ludgate’s solutios different, for
example employing a differential in the Mill or deal-point “special mechanism” as mentioned abaregven a Mill with a
differential and second set of wheels.
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IV.7.Ludgate’s Mill microarchitecture

The data format. alignment, and carry propagatibimmgpact on the Mill mechanism. Its microarchiteat is very clearly
shown when describing a single digit the Mill as an algorithmic state machine, foample as per the speculative pseudo-
OCCAM Algorithm 2 below, which assumes Propositiband Proposition 5 directly above are true, anttles both positive
and negative numbers, but ignores decimal-poighaient. Table 5 shows its expected behaviour. démisonstrates how within
each multiplier iteration, each digit can allow taeparate synchronous carries overlapped ("hiddsetiind the separate units
and tens carriage movements, hence ensuring theeyer a carry of two, as outlined in the previserstion.

Mechanically, “Wheel” can be each “figure-wheel'igil wheel) of Ludgate’s Mill, where “Wheel = [90]" signifies the
typical lug between “9” and “0” on the wheel, “CYiis a typical mechanical latch, and “:=" the sitag or active transition of

Ludgate’s “time-unit being the period required tova the figure-wheel througho revolution”. For negative numbers CYin and

CYout represent borrow input and output.

SEQ i=1ton
A UNITS ST
PAR
moveTo ( Units );
IF(CYin=1)
IF (POSITIVE ) PAR
IF (Wheel =9 ) CYout := 1 ELSE CYout := 0;
Wheel := Mod10 ( Wheel + 1) ;
ELSE PAR
IF (Wheel =0) CYout := 1 ELSE CYout := 0;
Wheel := Mod10 ( Wheel - 1);
SEQ p =1 to partialProduct ( Units )
IF (POSITIVE ) PAR
IF (Wheel =9) CYout ;= 1;
Wheel := Mod10 ( Wheel + 1);
ELSE PAR
IF (Wheel =0) CYout := 1;
Wheel := Mod10 ( Wheel - 1);

moveTo ( Tens );

IF (POSITIVE) PAR
IF (Wheel =9) CYout := 1 ELSE CYout := 0;
Wheel := Mod10 ( Wheel + 1);
ELSE PAR
IF (Wheel =0) CYout := 1 ELSE CYout :=0;
Wheel := Mod10 ( Wheel - 1);
SEQ p = 1 to partialProduct ( Tens )
IF (POSITIVE) PAR
IF (Wheel =9) CYout := 1;
Wheel := Mod10 ( Wheel + 1);
ELSE PAR
IF (Wheel =0) CYout ;= 1;
Wheel := Mod10 ( Wheel - 1);
HHtHH A FINAL RIPPLE CARRY ##HHHHHHHHIHE
SEQ k=1ton
IF(CYin=1)
IF (POSITIVE) PAR
IF (Wheel =9) CYout := 1 ELSE CYout := 0;
Wheel := Mod10 ( Wheel + 1);
ELSE PAR
IF (Wheel =0) CYout := 1 ELSE CYout :=0;
Wheel := Mod10 ( Wheel - 1);

# n is thember of digits (20)

# mechanitzrriage” movement to units
# overlap paborrow propagation if necessary

# latch carry output as needed
#den pipelined ripple carry propagation

# latch borrow output as needed
#den pipelined ripple borrow propagation
# iteratively add partial product units (inc/delceel)

#dhtcarry output as needed
# guhttial product units

#dhtborrow output as needed
tbsact partial product units
# mechanicalriage” movement to tens

# overlap paborrow propagation if necessary

# latch carry output as needed
# dvéah pipelined ripple carry propagation

# latch borrow output as needed
#ldén pipelined ripple borrow propagation
# iteratively add partial product tens (inc/deceef)

#dhtcarry output as needed
# guidtial product tens

#dhtborrow output as needed
tbact partial product tens

# n is thenter of digits (20)
# latch carry output as needed
#dimipelined ripple carry propagation

# latch borrow output as needed
#dl pipelined ripple borrow propagation

Algorithm 2 Example speculative pseudo-OCCAM descriptiongifigle digitof Ludgate’s Mill
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Before mechanical carriage movement After mechani¢@arriage movement After iterative addition
Example CYin Wheel p.Product Wheel p.Product CYout CYout Wteel
1 0 4 4 4 4 0 0 8
2 1 4 4 5 4 0 0 9
3 0 4 5 4 5 0 0 9
4 1 4 5 5 5 0 1 0
5 0 9 0 9 0 0 0 9
6 1 9 0 0 0 1 1 0
7 0 9 9 9 9 0 1 8
8 1 9 9 0 9 1 1 9

Table 5 Example expected behaviour of a single dijitudgate’s Mill as described by speculative Aidpon 2

IV.8.Ludgate’s division and logarithm algorithms

The way in which Ludgate performed division wasyveovel for 1909. Seeded with an approximate v&lu# the reciprocal
of the divisorg, the algorithm successively converged to the comaswer, using just multiply/accumulate. Using Binomial
Theorem he expanded division to:

A A
g = Xg = ﬁp} =AP(L+x) =Ap(Ql—-x+X-X+x' =X+ X=X +x*=X+x9) +etc ........ [A]
SAP@A-X)A+AA+XNA+X) +etc [B]
The seedA is a 20-digit value taken from a lookup table tbantains all the reciprocal valuéF%, where ( 100 €< 999)

is equal toq[1..3], i.e. digits 1-3 ofJ. As a resultA will be slightly larger tharg, and thereford =1 + X, wherex is a small
fractional value. This relation can be reverseyli¢td X = A  — 1in order to evaluate the series above. Ludgat® $¢fes that
seriesA up tox'® and serie8 up tox? converge to the value ¢1 + X)'l correct to at least twenty figures.

The statement that "the quantymust be the reciprocal of one of the numbers H0999", i.e.f = 100-999, is a clue. For
fixed-point it would be expected thht= 000-999, whereas 100-999 clearly indicates thisat was left-justified, not fixed-
point, having excluded divide-by-zero beforehand.

Ludgate 1909 states “the 900 valueAdadre stored on a cylinder—the individual figuregnlgendicated by holes from one to
nine units deep on its periphery”, addressedj[dy.3]. The row of holes foA “comes opposite to a set of rods. These rods then
transfer that number to the proper shuttle, whéinbecomes an ordinary Variable”. This means tleesinstruction either must
have a "source operand” that specifies that ita dammes from the Divide, Log, or any other conddiwaylinder, or there must
be an instruction variant for each source. See@eb¥.11 below for a discussion about this.

Ludgate 1909 then statésis “used in accordance with the formula” wheredivitling cylinder, on which this formula is
represented in the proper notation of perforatiaithin the machine’s sequencer contains the algorito evaluate the series.
This meandA must be stored in a shuttle reserved for use &yivision formula, and tha must either be preserved across or
precluded from preemption. It also means the divisiormula uses the standard instruction perfonaticso it is a built-in
subroutine like DEC AlphaPALcode [46] rather thaiermcode (which would use a lower-level of micratiuctions).

According to Boys 1909 the machine first calculdtes value of the series, then multiplies the rtelsulA p. Including the
lookup ofA, the division might be performed as per AlgoritBnwith steps (6-8) calculated at a lower levepasAlgorithm 4.

(1) Loadq into the Index or Mill

(2) IF (g = 0) THEN error

(3) Left-justifyq

(4) Extract the 3-digit value ( 100f« 999 ) =q[1..3]

(5) Transfer the 20-digit valu& = Iookup(% ) from the DIV cylinder to storage

(6) Calculatex = (A g—1) and its powers
(7) Calculate the seri€@= (L =X + X=X + X =X+ X=X +x3 =X+ X1 [C]
or possibly the serieg8= (1 = X)(L + )AL + X)L + X)L + X% e [D]

(8) Calculate the final resu% =ApS

Algorithm 3 Ludgate’s division algorithm
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10
11
14
17
18
28
29
39
40
50
51

MUL (A, Q) # calculate & storé Q 54 MUL (-X, +1) # load-x

STO (Aqg, -) 57 MAC (X2, +1)  # calculatex + X

MUL (+1, +1) # calculate & storex 60 MAC (-x3, +1)  # calculatex + X - X

MAC (Aq, -1) 70 MAC (-x3, -X)  # calculatex + X% - X + x*

STO (X, -) 73 MAC (-x5, +1)  # calculatex + X - X + x* - X & store

MUL (-X, -X)  # calculate & store® 74 STO ¢gmp, -)

STO (X2, -) 84 MAC (tmp, -x5) #calculatex +x° - X +x*- X +x°- X +etc
MUL (X2, -X)  # calculate & store¢ 87 MAC (+1,+1) #calculatS=1-x+xX- X +x*- X +x°- X +etc
STO (X3, -) 88 STO (mp, -)

MUL (-x3, X2) # calculate & storex 98 MUL (p, tmp) # calculatgp S

STO (X5, -) 99 STO (mp, -)

109 MUL (A, tmp) # calculate final resuh p S

Algorithm 4 Possible low-level in-line implementation of stép$) of division Algorithm 3
The numbers before the instructions show the estiirtameline in seconds
Instruction types as speculated in Section V.11

This approach is common in modern computing, aljhothe algorithms are different. Ludgate’s seedsevatored on a
special cylinder addressed by a subset of the ntnté the Index or Mill, essentially a read-onlgmmory used as a lookup table.
He designed for a seed lookup table with 900 entmough to possibly require a cylinder of the esaize as the storage
cylinders (although a spiral mechanism might alevithis). McQuillan [38] discusses the very sigaifit difficulties of
Ludgate’s approach in some detail. A simpler prgietdesign could use 90 (or even 9) seeds andvstik as he proposed, but
converge more slowly. Ludgate 1909 states thatidini takes 90 seconds, whereas if addition is asguim take 3 seconds,
multiplication takes 10 seconds, and store taksscbnd, then the un-optimized Algorithm 4 takes 4€&&nds.

Why did Ludgate not use logarithms for division#&Tkason is his logarithmic multiplication was rmesubally unidirectional.
It was done multiplier digit by digit, to yield adlgit partial result, before it moved on to thexndigits. To do division another
mechanism would be needed to take 2 digits of thielehd and 1 digit of the divisor, to yield a lgdipartial result. While it
could be done, it was mechanically much more efficio have only one mechanism. Ludgate's dividedmvergent series still
had much better performance than division by iteeagubtraction.

Ludgate also “extended this system to the logaiithsaries ... a logarithmic cylinder which has thevpo of working out the
logarithmic formula, just as the dividing cylinddirects the dividing process. This system of aarjlicylinders and tables for
special formulae may be indefinitely extended.” dtees not specify the calculation of logarithms, fautexample, the natural
logarithm might have been calculated using the Macin expansion:

2 3 4 5
In (1+x) = x - XX X Xy etc
2 3 4 5
Ludgate 1909 states the logarithm calculation tdi2fsseconds.

IV.9.Ludgate’s storage

Ludgate’s arrangement for storage was novel andjarmadvance on anything before. Numbers were septed as a rod for
sign and for each of 20 digits, with every digibpuding 1-10 units. For example, these could hmsgrods with notches, with
some retention. These 21 rods were stored in sbutiee Figure 23. Two concentric cylinders (oneriand one outer) held the
shuttles, i.e. the inner cylinder was inside theeoaylinder. There were a total of 192 shuttlessdhtially he proposed either two
linearly addressed memory partitions, or in a gidigiearly addressed memory partition.

How were the shuttles arranged? Let us assumehthiles are all the same size, and occupy the stioeewidthW at their

cylinder inner-radius. If inner and outer cylindeside-radii areA andB respectively, cylinders hol = 2 st'andM = 2 7\;\/8'

192 A
shuttles each, arld + M = 192, thenN = A+B-

size of%“, then the minimum height of shuttle(® — A) = 2%”, realistically3”, i.e. the outside-diameter of the outer cylinder i
then(2A + 12)". Ludgate 1909 states the machine is machine iddfj, 24" broad, and 20" high. Therefgi@A + 12) < 2Q

o . . N 192 A
yielding a maximunA = 4" andB = 7", which sadly leads to an irrationdl = A+B

thenN = 64, M = 128 M = 2N, B = 2A, and the outside-diameter of the outer cylindek8% This simple and very convenient
geometric result very strongly suggests Ludgat@ded for 64 inner and 128 outer shuttles, mostyeaddressable in binary.

Each shuttle holds 21 rods, and if each is theldmental unit of the machine

=69.8181...But if A = 3" andB = 6",

Lemma 13:storage is arranged as 64 inner and 128 outedeshutt
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Figure 23 Speculative schematic of shuttles storing +8132D@®ordinal +304199.99 (left) and +9167.00 as oli+6058.99 (right).
The sign is the rod at the top, the next rod isliedigit, and the bottom rod is the MS digit.
The stored profiles are in reverse ranking of oed# see Table 4.
The shuttle housing and rods are to correct scalenot representative in any other way..
Images reproduced courtesy The John Gabriel Bymmiliter Science Collection

Ludgate 1909 stated that to access sh8itthe appropriate cylinder must be rotated to lip& with the Index input race. He
also explained that if an inner shuttle held thki@a and an outer shuttle held the vaMethen to multiplyX * Y the inner
cylinder must be rotated to shutieand the outer cylinder rotated to shuitlehen the Index instructed to multipky* Y, then
the Mill instructed to accumulate the result, aiméify restore the shuttles to their cylinders. Tasult could then be stored back
simultaneously to up to two shuttles. Ludgate ditl state where these two shuttles were allowedetobly that “they do not
belong to the same shuttle-box”, where there awve ttoaxial cylindrical shuttle boxes”. Clearly omeist be an inner and one an
outer shuttle. Partitioning into 64 inner and 128eo shuttles implies binary addressing via eitit inner and 7-bit outer, or
two generic 8-bit binary address fields (the exdu®f the “same shuttle-box” might imply generbdaessing).

Ludgate 1909 states "it is important to remembat this a function of the formula-paper to seldet shuttles to receive the
Variables, as well as the shuttles to be operatedm that (except under certain special circuncggnwhich arise only in more
complicated formulae) any given formula-paper abvaglects the same shuttles in the same sequedicaaamer, whatever be
the values of the Variables". The text in parergkamplies Ludgate allowed selection of a shuttteenthan by a literal operand
in the formula paper. For example, indirect addngssould be done quite simply by converting thdl Montents to a shuttle
selection with another wheel (“Select” wheel) i@ Divide and Log 3-digit addressing mechanisng #muld be an important
aid to execution of complex algorithms. It mustsressed that this is a possible but not the angrpretation.

Ludgate 1909 further states that the shuttles anmsovable. Maximum flexibility would imply individuashuttles were
removable, or whole storage cylinders were remaxalthis then implies front-loading, and equally liep the races, Index, Mill
and Divide, Log, and any other conceivable cylisdeere at the rear of the machine.

In order to ensure reasonably fast rotation tocsedbuttles, the storage cylinder and shuttle iaertvould need to be
minimised. Riches proposed rectangular rods whiattesl together but their weight would give riset@o much inertia. Instead,
the cylinders would need to be skeletal (just stbitylinders), and the shuttles made of a light stnethg material, e.g. spring-
steel. Ludgate does not say whether the rods arelror square, which will impinge on how well tloels retain their position.

A possible arrangement might have square rods gttntion slots on a regular pitch, representiry -the shuttle sides
were made of spring steel and had internal bumpiseasame pitch then they would retain the rodsasition as well as allow
movement of the rods to change value. Lengthwisebleoof the rods could be avoided by ensuring titeaccupied the full
width of the shuttle at all times (which would meae rods would be almost twice as long as thetlshuperhaps enhanced by
bowing the shuttle sides inwards to apply lightsstee on the rods. Side bars or shields extendifgraas the maximum rod
extents in the shuttle would make it easier tostegithe shuttles at the destination of each momemed would protect the
contents while in transit.

Ludgate 1909 states that shuttles are transfeoréltetIndex via races. Provided shuttles, racedrohek are oriented in line,
either push/pull or hook/move of shuttles seemsilfie.

Selecting a shuttle quickly seems problematic. &feraddresses are binary, so successive appraximaight be used,
perhaps with differentials to successively phasar gatios, or epicyclic gears [47] to successiaghproximate addresses. An
obvious option, Gray code, was used in Baudot codes78 [48], but not officially invented until 18449]. Alternative simpler
approaches using rebound springs and dampers mighie more convincing, as may non-binary selectimthanisms that
respond to a binary address.
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Figure 24 and Figure 25 show an early 3D rendittbra possible re-imagined Ludgate Analytical Maefsnstorage and
Index, correctly dimensioned. From this it can bersthat the cylinders are quite skeletal, henobally quite light, which will
help reduce rotation and positioning inertias, reeby reduce the necessary control forces.
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Figure 24 Early 3D rendition of a possible re-imagined Ludgatstorage and Index
Top view showing alignment of storage cylinders simgttles with Index with slides
Showing ‘813200’ multiplied by ‘9247’ as per Engenieg [32]
Image reproduced courtesy The John Gabriel Byrne@gder Science Collection

In the design shown in Figure 24, the storage addogigin (address ‘0’) is at the top centre, withckwise increasing
addresses. Outer shuttles are shown at outer staddyesses 0, 1, 2, 126, 127, while an innerlshatshown at inner storage
address 0. In addition, Figure 25 shows that aarishuttle (holding multiplier ‘9247’) has beenthdrawn from inner address
32 along the inner race, and an outer shuttle {hglohultiplicand ‘813200’) has been withdrawn freamter address 64 along the
outer race. The Index is shown having iteratedhéodigit ‘9’ of the multiplier.
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Figure 25Early 3D rendition of a possible re-imagined Ludgatstorage and Index
Three-quarter view showing inner and outer shuttébdrawn along races
Showing ‘813200’ multiplied by ‘9247’ as per Engenieg [32]
Image reproduced courtesy The John Gabriel Byrne@gder Science Collection

IV.10. Ludgate’s controlpath

Ludgate 1909 and Engineering [32] are very reticaimbut the controlpath. Firstly, the former doestest‘most of the
movements ... are derived from a set of cams placed common shaft parallel to the driving shaft’t bays very little else
about the mechanism. Secondly and thirdly, and Yerynately, inferences came made about the core instruction set and
preemption.

IV.11. Ludgate’s instruction set

What was the format of the basic arithmetic ingtams? Ludgate 1909 stated "Each row of perforatiacross the formula-
paper directs the machine in some definite stefvénprocess of calculation—such as, for instanasgraplete multiplication,
including the selection of the numbers to be mlidtghtogether." Hence each row of the formula tapecifies one instruction,
and the arithmetic instruction format must cont@amnopcode, either a 6-bit inner and 7-bit outetthgource operand address,
or two 8-bit generic source operand addresses.rbi clear how many arithmetic instructions theeze, except for multiply-
accumulate (MAC) and in all likelihood multiply (MY without accumulation (i.e. pre-clearing Mill)h&se should be adequate
as Ludgate 1909 states that addition is multiplyulmty, e.g. MUL(X, 1) and subtraction is, e.g. MULX, -1), so the
programmer can specify the second opepvaad needed. Shifting left could be done with MLXL(ld\' ) and shifting right with
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MUL( X, 10N ). This makes sense as mechanically only onenagilc operation (multiply-accumulate) is implemehtand pre-
clearing the accumulator would be very simple. Hesveit may be that Ludgate defined ADD and SUBiavats of MUL and
MAC that forced just one inner slide iteration eatithan a full multiply, with optimizations to skijgroes.

Lemma 14:the basic arithmetic instruction format containsopoode.

Lemma 15:the basic arithmetic instruction format containsn@imuma 6-bit inner shuttle source operand address.
Lemma 16:the basic arithmetic instruction format containgngtimuma 7-bit outer shuttle source operand address.

What was the format of the extended arithmeticrirstons like division, logarithma", etc? While the logarithm instruction
could act on Mill contents, that could not be “ifiditely extended” toa” and other such functions. Furthermore, Ludgated190
states "When the arrangement of perforations ordireula-paper indicates that division is to befgened, and the Variables
which are to constitute divisor and dividend", ke tivision instruction must have two operandsotirer cases the instruction
must have at minimum an opcode, but perhaps nothorg. At minimum there would be DIV and LOG opcedeudgate 1909
goes on: "the formula-paper then allows the diygdiglinder to usurp its functions until that cylardhas caused the machine to
complete the division”, and states the dividingrayér has perforations like the formula-paper, the. Dividing cylinder is not
the same as the Divider cylinder that has holetepth proportional to reciprocal values. Ludgateé9 further says “This system
of auxiliary cylinders and tables for special fotaimay be indefinitely extended.”

Lemma 17:the extended arithmetic instruction format cont@nhminimum an opcode and up to two source opeadddesses.

Do the arithmetic instructions include a resultr@dd? Ludgate 1909 stated "Each row of perforatiordirects the machine
in some definite step ... for instance, a completétiplication, including the selection of the numbdo be multiplied together."
There is no mention of result addresses, multiplly includes source operands, not destination epistal udgate 1909 also
stated: "until the whole produab is found. The shuttles are afterwards replacetédrshuttle-boxes, the latter being then rotated
until the second shuttles of both boxes are oppdsithe shuttle-race. These shuttles are browgthtet index, as in the former
case, and the product of their Variables (2189323)8s obtained, which, being added to the previptluct (that product
having been purposely retained in the mill)*. Hemeeltiply results are retained in the Mill. Thisdsnsistent with all typical
accumulator architectures. Hence arithmetic insisns do not include a result destination address.

Lemma 18:the arithmetic instruction format does not contiresult destination address. |

Section IV.5 explains the necessity for decimalapalignment, most easily solved via a separaggaient instruction.
| Lemma 19:there must be a separate alignment instruction. |

Was there a separate store instruction? In an adaton architecture there is little to be gainediggrating result addresses
into arithmetic instructions, and neither Ludga®09 nor Engineering [32] mention this, hence thenast be a separate
instruction (STO) to store the Mill contents.

Lemma 20:there must be a separate store instruction. |

How many result operands did the store instructiame? Ludgate 1909 stated “or to two shuttles samebusly, provided
that they do not belong to the same shuttle-bodicating there must be two result operand addre3¢es they must not be at
the same address might indicate that that a ge8dyitaddress is used for both operands.

Lemma 21:the store instruction format must contain two reepkerand addresses. |

What was the format of the store instructions? Ftamma 20 and Lemma 21, the store instruction fommast contain an
opcode, and inner and outer shuttle result degtimaiddresses consistent with those for arithmesicuctions. It is possible this
should allow separate variants to select Dividey,land any other conceivable cylinder outputs.efcample for a generic 8-bit
addressA, whenA[7..6]=11 then individual bits of[5..0] might select outputs of other variants; mitgively extra opcodes
could select those.

Lemma 22:the store instruction format contains an opcodssidy allowing variants.
Lemma 23:the store instruction format contains at minima-bit inner shuttle destination address.
Lemma 24:the store instruction format contains at minimarm-bit outer shuttle destination address.

What was the format of the conditional instructi®risudgate 1909 stated "It can also “feel” for patar events in the
progress of its work—such, for instance, as a cbarfgsign in the value of a function, or its apptodo zero or infinity; and it
can make any pre-arranged change in its procediren any such event occurs." Hence a conditiorstituintion format must
contain an opcode (e.g. BN | BZ | BV) and a tatlgat associates to a program location (but Luddatenot discuss location,
nor form of addressing). McQuillan [38] makes th&efesting suggestion of skip markers (as in oiadtgrs) for targets.
Lemma 25:the conditional instruction format contains an ape¢e.g. BN | BZ | BV).

Lemma 26:the conditional instruction format contains a targe
Lemma 27:the conditional instruction target associates pocgram location.
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Very speculatively, the instruction set format abhk like that inrable 6(assuming generic 8-bit shuttle addresses). Md&uil
[38] and Riches [42] offer equally speculative futte different instruction set formats, which Hights the complete absence

of any guidance from Ludgate in this regard.

26 | 25| 24] 23] 22/ 21 20 1% 18 U7 16 15 ha |13 |12 |11 |19 ]| 8| 7| 6] 5] 4] 3] 2| 1] o]
MAC Shuttle 1 (multiplicand) Shuttle 2 (multiplier)
MUL Shuttle 1 (multiplicand) Shuttle 2 (multiplier)
DIV Shuttle 1 (dividend) Shuttle 2 (divisor)
LOG - -

ALN - decimal-point position
STO Shuttle 1 (destination 1) Shuttle 2 (destimaflp
BN - target
BV - target
BZ - target
READ Shuttle 1 (destination 1) -
WRITE Shuttle 1 (source 1) -
STO_DP - -
STO_A - -
HALT - -

Table 6 Speculative instruction set for Ludgate’s analytticeachine,
where for addition (ADD) and subtraction (SUB) firegrammer must use MAC or MUL with the multipker1 and -1 respectively
READ, WRITE, STO_DP, STO_A are I/O operations arslipport preemption

IV.12. Ludgate’s preemption

Does Ludgate’s machine support preemption? Ludb@®® stated: “Among other powers with which the hiae is endowed
is that of changing from one formula to anothedesired ... work of the tabulation can be suspendagyatime to allow of the
determination by it of one or more results of gee@hportance or urgency.” This is preemption.

Lemma 28:the machine supports preemption.

Has his machine the capabilities required for pygem? If there is only one active set of contelzjeats, then some or all
must be physically saved and later restored. Luedd809 stated: “has also the power of recordingeissilts by a system of
perforations on a sheet of paper, so that when auaimber-paper (as it may be called) is replacedda machine, the latter can
‘read’ the numbers indicated thereon, and insdtieen in the shuttles”. Hence the machine has thehilities for preemption.

Lemma 29:the machine has the capabilities required for ppdiem.

Is this manual or automatic preemption? In its nposhitive form, the user must halt execution and a SUSPEND program
that records all the shuttle and Mill contents teaakup number-paper, then the user must markotineufa tape position P with
pencil or sticker. To resume, the user must rureS BME program that reads all the shuttle and Militents from the backup
number-paper, then the user must place the fortapka at position P and resume execution. Hencerdienum this is manual
preemption just like for early electronic computers

Lemma 30: at minimum, preemption is manual just like for gaallectronic computers.

IV.13. Ludgate’s input / output

Ludgate 1909 makes it clear his input included kegboards, and either two perforated paper reaniees single shared
reader. For output there are again two perforatgukep punches or a single shared punch, and peghgpmter. With two
exceptions, in the absence of new information ésdnot appear possible to infer any further I/Gaitletnot even whether data
I/O interfaced to the datapath and instruction téGhe controlpath as might be expected. One eiref that Ludgate 1909
stated "Each row of perforations across the formpalper directs the machine in some definite stepdrprocess of calculation”,
so each row of the formula tape specifies oneuotin. The other exception is that Ludgate 19@8st“The machine prints all
results, and, if required, the data, and any notéwaalues which may transpire during the caléat#t and then “It also has the
power of recording its results by a system of pations on a sheet of paper”; the fact he discussesfter the other does imply
a separate printer of results legible by humans.
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IV.14. Ludgate’s machine performance

For this initial performance analysis, let us spatively assume Proposition 4 and Proposition 5tare, i.e. synchronous
ripple carry propagation is overlapped with movetaaf the “carriage near the index”, and is esaéintinvisible. Ludgate 1909
does not mention the time taken by other mechanicalements, so one can also assume those are eddhatn his operational
timings. Given these assumptions, the Index and médchanisms would effectivelgonform to Ludgate’s statement that the
“carrying is practically in complete mechanical épéndence of the adding process, so that the tweemmnts proceed
simultaneously”, and would adhere to his statertteit “the sum ofm numbers oh figures would take (@ + n) units of time”,
where ‘h” represents a final ripple carry at the end okgquence ofm additions. Similarly for multiply, where he statie 20-
digit multiply-accumulate would involven = 40 additions and would take ((9 x 40) + 20) = &8@e-units.

Let us now consider the timing when mechanical mw@s are nagnored.

Ludgate states the multiply instruction takes 1€bses. Firstly there would be access to shuttles fstorage and movement
along races. Then there would be outer slide mowmésngith movement of the outer frame up and overitimer frame, and 20
inner frame movements. For each inner frame movethene would also be an inner slide movement,rdagge movement to
units (1 time-unit), a units add (9 time-units)cariage movement to tens (1 time-unit), a tens (&dtiime-units), and an inner
slide retraction. Finally there would be ripplerygoropagation of 20 time-units, and decimal-pailignment (although the latter
might be statically set). Restoration of shuttlestorage, and retraction of the outer frame andlities may all be overlapped
with the final carry propagation, and so are igddselow. Therefore the time taken would be:

Tstoragefaccesé' Tracefmotion"' Touterfslide"' Tupfandfover'" 20*2*Tinnerfslide+ 20*2*Tadd+ 20*2*Tcarriage+ Tripplefcarry"' Talign
= Tstorage_acces? Trace_motion+ Touter_slide"' Tup_and_over’" 20*Zik-l-inner_slide"' 2O*Z*g*-l-time—unit + 2O*Z*Ttime—unit + 20*Ttime_unit"' Talign
= Tstoragefacces? Tracefmotion"' Touterfslide"' Tupfandfover'" 40*Tinnerfslide+ 420*Ttime7unit+ Talign

Ludgate does not state the duration of a time-umily that it is “the period required to move thgufe-wheel through/io
revolution”. He suggests a "small motor" rotatirigBarevolutions per second, probably an electrat 8ieam or petrol) motor.
Singer produced their first sewing machine withattached electric motor in 1889. In 1908 when tapgr was submitted,
Dublin already had 50Hz AC mains electricity (firsstalled in 1892, substantially upgraded in 19(B8)]. So Ludgate's motor
would be 50Hz, synchronous or asynchronous, betylisynchronous as it must rotate at an "approxmainiform rate of
rotation". Some sensible possibilities are:

(1) A time-unit is%i0 of a motor revolution, i.€/, seconds, so then the core arithmetic actions take:
(40*Tinnerfslide+ 420*Ttime—unit) > 14 sec
which is longer than the stated 10 seconds tagemuitiply. Therefore a time-unit must be much saothan's, seconds.

(2) A time-unit is one cycle of 50Hz, i.% seconds, so then the core arithmetic actions take:

(40*Tinnerfslide+ 420*Ttime—unit) > 8.4 sec
But 50Hz does not evenly divide to 3 revs/seds lapprox 50Hz divided by 17 (a prime number, whicight have
appealed to Ludgate) yielding 2.94 revs/sec, cgr@dttively divided by 16 yielding 3.125 revs/seq. dddition one
iteration of the core arithmetic actions (2 adds earriage movements) takes:
(Z*Tinnerfslide"' 20*Ttime—unit) > 0.4 sec
i.e. iteration proceeds at < 2.5Hz
which does not match well with a 3 revs/sec motor.
(3) One iteration of the core arithmetic actiorieetone revolution of the motor at 3 revs/sec:
(Z*Tinnerfslide*' 20*Ttime-unit) = 1/3 sec
i.e. 20*Time-unit = 1/3 - Z*Tinnerislide ............................................ [E]

1€, Thime-tnit < Y60 SEC oereee e e e e e [F]
and therefore the core arithmetic actions (2@itens + ripple carry) take:
(20*Y4+ 20*Time uni) = (6.67 + 20*Time uni) SEC < 7 S€C
and hence a useful deduction, that we can uéaaeiuhelow, is: B
Tstorage_accest Trace_motiont Touter_siide™ Tup_and_overS 3 SEC  wovvvviiiviiiniie e, [G]

Option (3) seems the most likely in the absenagtlodér information.

Let us assume option (3) above for an analysihefaddition or subtraction operations, which Ludgb®09 states take 3
seconds. Ludgate's addition is multiply by +1, antraction is multiply by -1 via reversed wheekdtion. In both cases partial
product Tens will be zero, so no Tens iteratiorishv@ done.

When mechanical movements agaored, " 1-digit adds will take (9 +) ticks as Ludgate states, so addition or subtracti
will take (9 + 20) = 29 time-units.
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When mechanical movements are igoiored, firstly there would be access to shuftles storage and movement along races.
Then there would be outer slide and frame movemdnits no inner frame iterations. There would only dne inner slide
movement, a carriage movement to units (1 timejuaiunits add (9 time-units), a carriage moventeriens (1 time-unit), no
tens add, and an outer slide retraction. FinalBreéhwould be ripple carry propagation of 20 timé&synand decimal-point
alignment (again, the latter might be statically).sRestoration of shuttles to storage, and ratvaadf the outer frame and its
slides may all be overlapped with the final camrggagation, and so are ignored below. Therefordinte taken would be:

Tstorage_accesé' Trace_motion+ Touter_slide"' Tup_and_over’" 2*Tinner_slide"' Tadd"' 2*Tcarriage"' Tripple_carry+ Talign
= Tstoragefaccesé' Tracefmotion"' Touterfslide"' Tupfandfover"' 2’kTinnerstide"' 3:I-*-I—timefunit"' Talign

Applying the inequaities [F] and [G] above, theditaken for addition would be:

< 3+ 31%,sec, i.e. < 3.5 sec

This is a reasonable indication that a time-unisinies, seconds or less.

Lemma 31:a time-unit must be approximately, seconds or less.
Lemma 32: Tstorage_accesé' Trace_motion+ Touter_slide+ Tup_and_over< 3 sec

But in fact the inner slide is firmly mounted taetlower frame, with far more inertia than outeds$i, and hence the time taken
to move the inner slide cannot be ignored. Fronatign [E] above:

Tiime-unit = 1/60 - V10*T inner_slide
So the time-unit must be much less thgnseconds. By way of example, for a time-unit/qf seconds, the addition time is:

< 3+ 31% g sec, i.e. < 3.3 sec

All the above underrates the time taken shiftirgitimer frame, exacerbated by its reciprocatingneatand also speculatively
assumes Proposition 4 and Proposition 5 are troeetlieless, the claims made would indicate the imackas fast for 1909.
Ludgate stated that addition and subtraction waesgh take 3 seconds, multiplication 10 secondssidiv 90 seconds,
logarithms 120 seconds, aadwould take 210 seconds..

To compare with a basic (un-optimized) additiondazasachine let us ignore mechanical movements asuh# it handles
the same 20 digits as Ludgate’s machine, and dusptefinition of a time-unit as the time to rotatéMill wheel by a%io turn.
For Ludgate’s machine to sum numbers ofn = 20 figures would take (& + n) = (9m + 20) time-units, while for a basic
addition-based machine it would takg€9 +n) = 29m time-units, i.e. Ludgate’s machine would be faftem > 1. For Ludgate’s
machine to multiply two numbers of 20 figures wotd#te 380 time-units, while a basic addition-basedhine would tak&l(9
+n) = 2N time-units, best wheN is the smallest of the two numbers, i.e. Ludgatesshine would be faster ftd > 14. Since
Ludgate’s machine multiplies in 10 seconds butd#sgi in 90 seconds, i.e. division is 9 times slovleen by extrapolation
division would take approximately 3420 time-unitdjile for a basic addition-based machine it woualkiet 2N time-units, best
whenN is the largest of the two numbers, i.e. Ludgategshine would be faster fof > 118.

Of course, an addition-based machine could be dgin for example, Babbage’s later analytic engilesigns could
accumulate a 40-digit number in 3 seconds and piyl®0 digits by 40 digits in 120 seconds [51].

IV.15. Was Ludgate’s machine Turing-complete?

An ‘analytical machine’ is equivalent to a gengualpose computer, and (ignoring physical limits)tireory can be
programmed to solve any solvable problem. It isrifigrcomplete”, or more specifically it is a Unigat Turing Machine, i.e.
one that can emulate any other Turing Machinerra tevented to reflect Alan Turing’s contributiom the theory of computing.
The term ‘analytical machine’ should not be contlaéth the names of the first two of the only threechanical designs before
the electronic computer era: in 1843 Charles Babsatnalytical Engine”, then in 1909 Percy Luddateery different
“Analytical Machine” (the third was in 1936 Zuse¢1l”, later renamed “Z1”). From ¢.1914 electromenttal designs began,
and ¢.1937 electronic designs began [11].

None of these three mechanical computers werevéigti Turing-complete, instead they could be progmsed to solve a
(substantial) subset of all solvable problems,they were multi-purpose rather than general-pwepoachines. For a discussion
of whether and how Ludgate’s machine could be resdi@uring-complete, see Appendix IV.
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IV.16. Re-imagining Ludgate’s machine

Drawing substantially on previous efforts by Ricli@2], and McQuillan [37][38], and on the abovermay be possible to at
least re-imagine parts of Ludgate’s machine.

Objective 2: re-imagine parts of Ludgate’s machine.

The aim might be to enable this in several phases:
(1) Datapath Simulation: this is work in progresing Python. The intention is to explore mechanigaions, with unit tests
for correctness, see Figure 26.
(2) Hybrid CAD Simulation: a 3-D CAD model of a nimical datapath plus algorithmic controlpath. irttention could be
that this should yield online simulations that wbateate downloadable video files of execution ebwser’s programs.
(3) Hybrid Engine: a 3D-printed mechanical datapafth an electronic controlpath processor likeea@lebone, Arduino or
Raspberry Pi, with the controlpath, program andiifqutput web-enabled and/or on an Android or IQ A
(4) Full CAD Simulation: a 3-D CAD model of a fullmechanical datapath plus controlpath, taking éselts of soft testing
controlpath proposals on hybrid implementationsaiAdhe intention could be to yield online simuwats and executions.
(5) Pure Engine: fully mechanical engine, manufatufrom the 3-D design files either by 3-D prigtior using numerically-
controlled machine tools. Small programs (e.g. Belli) could be on “real” formula tapes for demaasions.
The premise might be that mechanical constructibithe datapath is easiest, followed by storagen tthee controlpath
(sequencer), and finally input/output. It is exgekit would take several years to fruition, andrbey speculative.

The following options are supported though there iz not command interface yet.

"aize" "full" or “teaat"
test has only 5 digits in a skhmttle and 16+8 slmttles in the culinders
test alsc defanlts to immediate exsontion rather than cycle delays

"mill" "gingle" or "double" width of mill and how it works

"extra extra digits at the end of the mill to get last digit meaningful
"amttle" "grdinal" or "decimal" format of the dgits in the shuttles
"delay" time for a main shaft rotation defaunlt 1/3 sec or 0 for test

Operations: Mumberas are represented as digits followed by a =ign
Cylinderz are 0 imner and 1 outer, addr 0 to boxes in cylinder — 1

wverbose level set tracing verbose lewel,
0 - none, 1 - commands,
2 - the workings, 3 - debug

print message print string as ammotation.
time print current time and time aince last call
get cyl addr value set cylinder shuttle to a wvalue

value is digits followed by a sign
show cyl addr display the walue in the shuttle
set dp dest, svcl, srel set decimal places in op destination and sources
load cyl addr load the mill with dest srcl decimal points
load neg cyl addr load the mill with negative of operand
atore cyl addr store value from the mill
atore? addrl addr2 store mill value in ounter and imer cylinders
add oyl addr acoumilate value in the mill
sub oyl addr subtract wvalue from accumulator
mul inner adr ocuter adre miltiply sources from the twe slmttles

mul_ add inner adr outer adr mltiply and accumilate
mul sub inner adr ocuter adr subtract multiply from acoumilator

Shuttles 5 digits + sign, format decimal 'c) David McQuillan 2020
Cylinderzs Outer 16 boxes, Inner 8 boxes
Mill & digits (1 extra), format aingle
Delay 0O
Verbose set to 1
* Op.set 0 1 38+
* Op.set 1 § 37+
Verbose set to 2
* Op.ml inner[l] outer[5]
Address Outer box 5
Address Irmmer box 1
Move shuttle to Frame [rom Cuter
Move shuttle to Slide from Imner
Frame 00037+ ordinals 99948 index [50, 50, 50, 7, 33]
5lide 00098+ ordinala 99963 index [50, 50, 50, 14, 3]
Clear the mill
zet mul_sign position
Set mill position -5 to add partial product from [rame
Partial products 50 + [50, 50, 50, 7, 331 = [100, 100, 100, 57, 83]
= decimal [0, 0, O, 0, O]

Figure 26 Help text from an early version of a Python simaitaif the datapath of Ludgate’s Analytical Machine
Image reproduced courtesy David McQuillan
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V.CONCLUDING REMARKS

The Christmas 2019 the discoveries of the artiate$ especially the diagram in “The English Mechartleen the discovery
of Engineering [32], have led to intensive effoltsdeduce hidden details of Ludgate’s analyticathiee. From the latter
efforts, thus far a surprising amount of undersiagmchas emerged, construction detail has been @nedy some useful
dimensional, geometric and timing inequalities lelithed, and an effort has been made to codifyettmeswv facts. Work has
begun on both simulating the machine and “re-imagihit with modern engineering software.
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APPENDIXI
FrRoM: ENGINEERING,AUG. 20,1909,PAGES256-257[32]
OPTICAL CHARACTER RECOGNITION COURTESYDAVID MCQUILLAN

A PROPOSEDANALYTICAL MACHINE

By name, at any rate, Babbage's famous analyticahe is known to all. It was intended to be a nraelfor the arithmetical
solution of all problems in mathematical physicsci®solutions are generally, perhaps always, fegdioit in most cases when
the computations have to be effected by direct lmuagency, they are so extremely tedious as to dcipally, if not
theoretically, impossible. Every operation in amgtic can be reduced to addition, subtraction, iplidation, and division, and,
indeed, the two latter operations can be regardedese extensions of the two former. The analyBogiine was a machine by
which these four operations could be performecdhindgesired sequence ; moreover, a number of pagisiations could be
combined, and the final results automatically tated for any required values of the variable. Asad known, though many
years' labour was spent on the machine, it wasrreasgn partially completed, Mr. Babbage's scheniegbfar too ambitious for
a first effort. He wished, indeed, to tabulate ealto 50 significant figures, thus enormously cacaping the mechanism and
augmenting the cost of the experiment. In a paged not long ago before the Royal Dublin Society, Rércy E. Ludgate has
revived again the idea of constructing such a nmectAs proposed by him, the machine differs froat tf Babbage in some
fundamental details, though, as in its predecessequard cards will be used to control the sequehoperations. Thus if, for
instance, a number of values of the series

x> X3 x4

2 23 T 2
were required, the appropriate card would be plécélde machine, which would then, for differentuss ofx, calculate each

term of the series, add all the positive termsttogre subtract from this sum all the negative, pndt the result. For a different
series a different card would be used.

+&cC.

y=x-

In Babbage's engine it was proposed to effect pligéition by successive additions, and divisionstbigcessive subtractions,
just as is now done in the case of the ordinath@ometer. Mr. Ludgate, in his engine, proposexffiect these operations on
entirely different principles. Multiplication is fefcted by a series of index numbers analogousgarithms;

The arrangement is shown diagrammatically in Fige® Figure 29] Here the number 813,200 is to be multiplied b§R2
The arrow under 8 represents a slide, which to dedids set a% in. above the zero or starting line. The slider@éspnting 1 lies

on the starting line, whilst that representing:&dsé in. above this line, and that corresponding torthimber tvvc% in. above.

On the other hand, the slides representing zereeirg0 eighths above the starting line. The nurabanits above the starting
line corresponding to each digit of the multiplidsare known as index numbers, and a complete tdilbheese has been drawn up
by Mr. Ludgate. All the slides aforementioned am@umted in a frame, and to multiply by 9, this fraimenoved up over another
frame divided with another series of index numb&hais, as shown, the distance between the lowerefiend the starting line is
such that the top of this lower frame lies on theex number corresponding to 9; that is, 14 eigh#lisw the starting line. The
lower end of the No. 8 slide, represented by thelbtircle, rests then, it will be seen, on a limerked "72," which is the
product of 8 and 9. The digits 7 and 2 appear aiegly on the register below. Similarly, the tafltbe No. 1 slide rests on the
No. 9 line, that of the No. 3 slide on the No. Ri2] and that of the No. 2 slide on 18, correspandb the partial products 9 x 1;
9 x 3;and 9 x 2. The tails of the zero slide$ oasno line in the lower frame, and hence zeregsstered for these. All these
partial products are registered in the mill belawjndicated. In a final operation these partiadprcts are added together as
indicated, giving 7,318,800. If now the frame isved to the index number below the starting linekadr'2," it will be found,

on trial with a piece of tracing paper, that thédhthe No. 8 slide rests now on the line marké@" — i.e., 8 x 2. That of the
No. 1 slide on the index-line marked "2," that lides 3 on the line marked "15," and that of the Ralide on the line marked
"10." These partial products will then appear aartfill and be added together, giving the resuthefmultiplication of 813,200
by 2. The process is repeated for the remainingdig of the multiplier, and the whole added togesioeas to give the product of
813,200 x 9247. Mr. Ludgate proposes to give suioduyrts to twenty significant figures, the timeui&gd being, he states,
about 10 seconds.

To divide one number by another he proceeds iffareint fashion. He notes that the expressﬁynwherep andq are any two

numbers, can always be expressed in the form—

oo

_Ap
1+x’
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whereX is a small quantity, and is the reciprocal of some number between 100 &8d 9
The above expression can also obviously be written

P_

Ap(@—x+x*—x3+x* = x°,+&c),

38

: : : , : 1 ,
the series being very rapidly convergent, the étevven terms give the value T-l-_x correct to at least twenty figures.

He proposes to perform division, therefore, by mgkhe machine first calculate the value of thisese after which it will

multiply A p by the value thus found. As a maximum, he consitteat this operation giving the
might require% minutes.

result correctwienty figures
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Image reproduced courtesy Jade Ward, Universityesfds Library
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Figure 29 Diagram from “Engineering”, Aug. 20, 1909, Pagest2857 [32]

Image reproduced courtesy Jade Ward of Univerdityeeds Library
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APPENDIXII
FrRoM: ENGLISHMECHANIC AND WORLD OF SCIENCE No. 2302,MAY 7,1909,PAGE322[30]
OPTICAL CHARACTER RECOGNITION COURTESYDAVID MCQUILLAN

SCIENTIFICNEWS

No. 9 of the Scientific Proceedings of the RoyabliuSociety (Williams and Negate, 14, Henrietteest, WIC., 6d.).
contains an interesting paper by Mr. Percy E. Ltglgascribing a proposed new analytical machingded by him with the
object of desighing machinery capable of perforngatpulations, however intricate or laborious, withthe immediate
guidance of the human intellect. Mr. Ludgate says:

“Babbage’s Jacquard system and mine differ conalgr, for, while Babbage designed two sets of &ardne set to govern
the operations, and the other set to select théarsrio be operated on—I use one sheet or rokdbmted paper (which, in
principle, exactly corresponds to a set of Jacquards) to perform both these functions in the oedel manner necessary to
solve the formula to which the particular papeassigned. . . .

In my machine each variable is stored in a sepafaittle, the individual figures of the variablerzerepresented by the
relative positions of protruding metal rods or ‘®ypwhich each shuttle carries. There is one e$é¢hrods for every figure of the
variable, and one to indicate the sign of the \deiaEach rod protrudes a distance of from 1 toirdi@s, according to the figure
or sign which it is at the time representing. Bhattles are stored in two co-axial cylindrical tslesboxes, which are divided for
the purpose into compartments parallel to theis.aXihe present design of the machine providethéstorage of 192 variables
of twenty figures each ; but both the number ofalgles and the number of figures in each variatdg,rif desired, be greatly
increased. It may be observed, too, that thelsBuare quite independent of the machine, sonatshuttles, representing new
variables, can be introduced at any time.”

Figure 30ENGLISH MECHANIC AND WORLD OF SCIENCE, NO. 2302YMA 1909, PAGE 322
Image reproduced courtesy Ralf Buelow of Heinz dlixkluseumsForum, and Eric Hutton
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APPENDIXIII
FrRomM: ENGLISHMECHANIC AND WORLD OF SCIENCE,NO. 2319,SEPT3,1909,PAGE111[31]
OPTICAL CHARACTER RECOGNITION COURTESYDAVID MCQUILLAN

A PROPOSEDANALYTICAL MACHINE

Mr. Percy E. Ludgate has revived again the idezoabtructing such a machine. As proposed by Himptachine differs from
that of Babbage in some fundamental details, thoagln its predecessor, Jacquard cards will be teseontrol the sequence of
operations. Thus if, for instance, a number ofigalof the series

N x4

PP PR
were required, the appropriate card would be platéide machine, which would then, for differentues of x, calculate each
term of the series, add all the positive terms ttogre subtract from this sum all the negative, pridt the result. For a different
series a different card would be used.

In Babbage’s engine it was proposed to effect plidation by successive additions, and divisionsibgcessive subtractions,
just as is now done in the case of the ordinathmmeter. Mr. Ludgate, in his engine, proposexffiect these operations on
entirely different principles. Multiplication idfacted by a series of index numbers analogousdarithms. Say the number

y=Xx — +&c.

813,200 is to be multiplied by 9,247. A slide #ndte 8 is set %t in. above the zero- or starting-line.  The slidpresenting 1

lies on the starting-line, whilst that represenmgand% in. above this line, and that corresponding tortlimber tvvc% in.

above. On the other hand, the slides representirggare set 50 eighths above the starting-lifee Mumber of units above the
starting-line corresponding to each digit of thdtiplicand are known as index numbers, and a cotapble of these has been
drawn up by Mr. Ludgate. All the slides aforemenéd are mounted in a frame, and to multiply bthi&, frame is moved up
over another frame divided with another seriesxdék numbers. Thus, as shown, the distance betivedawer frame and the
starting-line is such that the top of this lowerfie lies on the index number corresponding tod;i) 14 eighths below the
starting-line. The lower end of the No. 8 slidgresented by the black circle rests, then, it béllseen, on a line marked “72,”
which is the product of 8 and 9. The digits 7 @ratbpear accordingly on the register below. Siiyilahe tail of the No. 1 slide
rests on the No. 9 line, that of the No. 3 sliddlNo. 27 line, and that of the No. 2 slide ond@responding to the partial
products 9 x 1; 9 x 3; and 9 x 2. The tails efzlkro slides rest on no line in the lower franmel laence zero is registered for
these. All these partial products are registenettié mill below, as indicated. In a final opevatithese partial products are
added together as indicated, giving 7,318,800ov the frame is moved to the index number belastiarting-line marked
“2,” it will be found, on trial with a piece of teang-paper, that the tail of the No. 8 slide rexiw on the line marked “16 “—i.e.,
8 x 2. That of the No. 1 slide on the index-linarked “2,” that of slide 3 on the line marked “18yid that of the No. 2 slide on
the line marked “10.” These partial products Wikn appear on the mill, and be added togethengthe result of the
multiplication of 813,200 by 2. The process isa&ed for the remaining figures of the multipli@nd the whole added together
so as to give the product of 813,200 x 9,247. IMdgate proposes to give such products to twegtyifgtant figures, the time
required being, he states, about 10 seconds.

To divide one number by another, he proceeds iffereht fashion. He notes that the expressﬁynwherep andq are any

two numbers, can always be expressed in the form—
P_Ap
q 1+x

wherex is a small quantity, andl is the reciprocal of some number between 100 &8d 9
The above expression can also obviously be written

Popp@-x+x®—xC+x4 —x5,+&¢),
q
. . . . . 1 .
the series being very rapidly convergent, the &teten terms give the value T+_x correct to at least twenty figures.

He proposes to perform division, therefore, by mghkhe machine first calculate the value of thigese after which it will
multiply A pby the value thus found. As a maximum, he comsitat this operation, giving the result correctwenty figures,

might require % minutes.—"Engineering.”
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Figure 31ENGLISH MECHANIC AND WORLD OF SCIENCE, NO. 231® BB, 1909, PAGE 111
Image reproduced courtesy Ralf Buelow of Heinz dlixluseumsForum, and Eric Hutton
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APPENDIXIV
WAS LUDGATE' SMACHINE A GENERAL-PURPOSECOMPUTER?

The termgeneral-purpose computér somewhat controversial. It has been equatélgetoon Neumann architecture, but this is
guestionable, although the converse is more asstiiatl machines using the von Neumann architecoeegeneral-purpose
computers. One could expect that a general-purpasputer could execute any algorithm. But an atgoriis a special-purpose
Turing Machine, therefore one might conjecture thatieneral-purpose computer (itself a Turing Maghishould if truly
‘general-purpose’ be able to execute any otherribulachine. A Universal Turing Machine can emulats other Turing
Machine, therefore a reasonable pragmatic defmitioght be that a general-purpose computer is aiphlyrealization of a
Universal Turing Machine.

But a Universal Turing Machine stores both code daiz on its (infinite) tape, i.e. code and datshhe same address space
and access mechanisms. This facilitates self-mogifgode, and more importantly access to code ta ds a result of prior
calculation, i.e. indirect access to code or datsich is crucial for many algorithms. Thereforasitfurthermore reasonable to
conclude that a general-purpose computer mustratmam facilitate indirect access to code or data.

Raul Rojas of the Freie Universitat Berlin, Germahgs explored the programming architecture of Rgbls engine, and
states that Babbage's engine did not have theyatuilindirectly access memory [55]. But Rojas apeculates how a sequence
of numbers could have been added using an addiitogn e.g. indirectly with one single operationccand combinatorial cards.

Similarly from Ludgate 1909 it can be stated thatAnalytical Machine did not have the explicit liito indirectly access
shuttles, since there is no explicit discussioamf support for selection of a shuttle based omehalt of a prior calculation. But
Ludgate does hint (see Section 1V.9 on Ludgatedsa®e above) that for complex formulae it may Hawen possible to select a
shuttle other than by a literal operand, i.e. iedily.

Nevertheless neither of Babbage's or Ludgate’s imashexplicitly facilitate indirect access to cagledata, and hence could
not be said to nativelipe general-purpose machines. In this Appendix xpdoee to what extent Ludgate's Analytical Machine
could have emulatea general-purpose computer, and represent thatsaihe speculative "Ludgate assembly language". code

Raul Rojas also showed how Zuse's c¢.1941 “Z3" cobé rendered Turing-complete [56][57][58][59]. TES is not
considered to be natively Turing-complete becatisidin't have conditional branching (it was desijte solve aircraft flow
equations). However, Rojas shows the Z3 could béenfairing-complete by forming a loop of the filmedsin the Z3 to hold
programs, plus a lot of mental gymnastics. Perlia@Z1 could also be made Turing-complete in teesavay (the two designs
have the same origins), but this is not yet known.

For Ludgate's machine a loop could also be madthisncase of the formula paper used in his macturild programs. But
instead of mental gymnastics, the loop could cordai emulator program that continuously cycledl dnatited. For simplicity the
emulator could simply emulate the Ludgate machisfi but with two enhancements: (a) to executenfprograms in shuttles,
and (b) to execute one extra instruction to do dyoashuttle selection (indirect addressing). Thatid allow straightforward
emulation of a von Neumann machine.

Rojas’ paper [58] also states that recursion wademented in the Z3 by unrolling code to refer s@ute addresses. This is
useful in that it shows a precedent, even if Ludgeds unaware of it. Here we suggest emulatingentiaccess to Ludgate's 192
storage shuttles by in effect unrolling code thauld loop until it found the instruction to accdbke specific desired shulttle.
Ludgate's formulae paper is unlimited (infinite'laa Turing?) so the loop unrolling for 192 shuttledout 1.5k rows of
instructions on the formulae paper) is of minimahgequence (perhaps successive approximation beuided to reduce the
time taken to get to the desired instruction).

#

# Stored-program emulator for Ludgate's Analytical Machine.
# IN DEVELOPMENT

#
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APPENDIXV
OccAM CODE FORLUDGATE'SINDEX AND MILL

The behaviour of Ludgate’s Index and Mill is relaly concisely represented above as an algoritlstaite machine (ASM)
using a pseudo-OCCAM. This Appendix expands on timse mechanisms might actually have supportedbthtransforming
the pseudo-OCCAM into a very much more lengthy fofrmreal OCCAM code.

#
#IN DEVELOPMENT
#
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