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Part 1
Notation & Formulae

il

h,.a

th set of Booleans {0,
set of natur alnumbers{lZ 5
No, w the set of numbers NU{0})= {0512 }
Ny, k the finite sets {1,2,... ,k}, {0,1,2,. —1}.
set of integers.
the set of rationals.
R, Rt the set of real numbers, strictly positive real numbers.
(64 the set of complex numbers.

1

z %
%)

oN
z:r

nstant | approximation comment
natural logarithm
it disk

he base
the area of a uni
Euler’s constant

golden ratio” (1 +/5)/2
erred to as
0. 30103
3,500,000

2 Sets
L) the unique null set.
P— the (direct) powerset functor.
Pf the iterating of map f over a set.
PX, P'X the powerset of set X, PX excluding 0.
SUT SUT,SAT union, disjoint union metric difference.
intersection.
S\T,S-T set difference.
Xs(a xla ]S characteristic function or subset classifier.
a€S test for set membership.
|S|. #S, card S the cardinality of a set S.
TeS a projection that selects a random element of a set S.

S Nl





Figure 4: Handbook of Mathematics table of contents page 2 (left) and page 5 (right)
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uences, respectively.
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e bag of elements in a sequence 0.
a projection that selects the jth element of a sequence o.

maps; f must be 1-1.

the space of maps from X toRY

the space of total m

t g
the constant null (maj

n the
the domain, range of the map p

the extend, or merge o
defined only if dom 1

maps from X to Y.

ace

’5
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S

the override or overwrite of two ps.

the gluemg of two maps which &
of two maps I
N dom

the compos
efined over rng
the join of two maPs

(Va0

oo

nr ft

classica al mathematic
(covermg) space

efined over dom n d

he wh

the removal of p wit h respect to S
al m athematlcs

e on of p with respe ect to S;

on domp N
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susesuls
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) with removal of ¥~

N dom
= X — YandVvE Y
stnct verswn requxres rngp

0 elements:

th

iterato r(l’-—‘ﬂs

Y)X c (X = PY).

__doml/

Semigroup A set S which is furnished with an associative binary operator
18 x 8§ —— S is said to form a sumgmup, denoted (5, #
(Zt,:)

—

Monoid A semigroup (M, *)
called a monoid, denoted (M, *, e)

-
-
-

tity element ¢ is

—

No, +,0), (N, x,1) monoids of natural numbers.

(PX,U,0), (PX,N, X) mon01 ds of se

(%, 1) he free monond over

X = Y,t,0) he usual monoid of maps.

U, 0) glueable submonoids of maps M C (X — Y).

~ £40.0)

basis for indexed queues, etc.

Group A monoid (G, *,e) for which each element g has an inverse 7 is
called a group.

(Z,+) additive group of integers.
(R.+) (R* x) groups of rea]s

(PX gxoup of

FG ) free

n! Symimn permutations
3ol alte t ggr upo v n permu Lntxons‘A,.QS
2n dxhed:a.l oup of regular polygon of n sides.
n cyclic group with generator z, C, = (z).
- centre of G, {z € G | zg = gz for all g € G}.
- the orbit Gz = {y € X |y = (z)forsomegeG).
- stabilizer of z, G, = G(z — ere
Glz—y)={9€G|g(z) = y}
- direct product of groups A an d
- semi-direct product of





Figure 5: Handbook of Mathematics page 6 (left) and page 7 (right)
[image: image6.jpg]Semiring A set S which is both a multiplicative monoid (S, @, 1) and an
addmve monmd (S ®,0) for which multiplication distributes over addition

(N°'+ x,0, 1) serni- nng of natural n
(‘PXUﬂOX) semi-ring of sets.

A set S which is both a multiplicative monoid (S, ®, 1) and an ad-
dmve group (S ®,0) for which multiplication distributes over addition is
called a ring

(Z,+, x,0, ) the ring of integers.
(PX,A,n,0,X) nngofsets
Z|z] the polynomials with coefficients in Z
Field A set S which is both a multiplicative group (S, ®, 1) and an additive
group (S, &, 0) for which multiplication distributes over addition is called a
field.

the finite field of integers modulo p, p a prime.

Z,
(Q,+, %,0,1) the rationals.
(R, + e 0 1) the rea.l umbers
(C,+,x,0,1) the co numb
N Z Q R C

A set S which is furnished with an ordering relation < which is
reﬂexxve antisymmetric, and transitive, is said to form a partially ordered

(Z, < totally ordered set of in tegrs

=) words with prefix ordering

(‘PX Q) powerset of X with mclusnon ordering.

(div(n),|) divisors of n with divides relation.
Lattice A poset S in which any two elements s and ¢ have both a meet,
sAt,and a join, s Vi, is ca.lled a lamce, denoted (S, A, V).

(PX,N,V) werset of

(div(n), ged, lem) dwnsors f

6 Algorithms
The Big O notation Let f be 2 function ::::L.:’_‘; 4
O@(ﬂ;)fumLap(ﬁﬂu?m k s t f
g N (with possibly a finite mumber of exceptio
Assuming a machine can ute

T*-morphisms (Z7,-,1) — (M, +,¢)

E———Z.‘ 2 ) Fon
5 vXW® L‘

\ l
M MxM M

i(a) = (a)
$oi=F

nalve recursi

¥P(aw) = Fl (a) + ¥(w) Veu(m) = t’.(m + Fla))
¥(1) = wa(m) =
v(w) = v.{e)

naive closed form

¥(w) =1/Fw
¥(l)=e w(m)=m+t/Fw
¥i(m) =m





Figure 6: Handbook of Mathematics page 8 (left) and page 9 (right)
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Figure 7: Handbook of Mathematics page 10 (left) and page 11 (right)
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a2 Ok
{+} the unique one point set =l
O initial object

unique factorization of n, p; a prime, a; > 1.
], [z] floor function; greatest integer less than or equal to z
[z‘l ceiling function; least integer greater than or equal to z.
]  terminal object BT
G

greatest common divisor (ged) of m
s

set S elements of the set S ws only

monoid (M, +,€) | the anonymous object *

identity
elements of M

Mébius function Euler’s totient function
group (G +,€) the anonymous object * elements of G ,f e i il
set (PS,C) subsets of S inclusions ) = ( L e —a=, ¢(n) : "];I(l p)
pst( V() |) | divisors of n divides . othermse 2% -
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A AxB B A A+ B B Unit function
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/ \ . W { t) 5 1ftg —p™ m>1, Divisor functions
erwise
AxB a.(n) = Z da°
Ga-lois correspondence Let X = (X,<) and Y = (Y, <) be poset cate- ; Liouville's function
gories. A pair of functors 1, ifn=1,
e { (=1)xtoa+-tex  otherwise
X Y
5
iB d a covariant 4 1 o T
i Gal espondence if Fz —— y > 7 — G





Figure 8: Handbook of Mathematics page 12 (left) and page 13 (right)
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e
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2"G(2) =72 Zakz" = Zak_,.z*
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Figure 9: Handbook of Mathematics page 14 (left) and page 15 (right)
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Figure 10: Handbook of Mathematics page 16 (left) and page 17 (right)
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Part 11

Technology Supplement
14 68000 Programmers Model
General Purpose Registers :

Longword Data Registers DO ... D7

Longword Address Registers A0 ... A7

Word Status Register SR made up of System and User Bytes.
Least Significant Byte of S8R: Condition Code Register: CCR
Longword Stack Pointer SP, equal to A7

Stack Pointer has System 8SP and User USP versions.

15 68000 Instruction Behaviour

.8 s8rc,dst ~ PC «— next insir.
theOperand, (dst) —— theOperand,(src)
CCR <>~ setCC(src)

CLR.s dst ~ PC «— next instr.
theOperand, (dst) «— 0
CCR <> setCC(0)

ADD.s src,Dn ~» PC «— next instr.

Dn <~ Dn + theOperand,(src)
CCR < setCC(Dn + src)




Figure 11: Handbook of Mathematics page 18 (left) and page 19 (right)
[image: image12.jpg]SUB.s src,Dn ~ PC «— next instr. s Tt
Dn «— Dn — theOperand,(src) NOP ~ +«— next instr
CCR « setCC(Dn — src)

JSR address ~ PC «— next inst
S —4
CMP.s src,Dn ~ PC «— next instr. iipg\( = P =
CCR <~ setCC(Dn — src) l“ J
PC = address

MULS src,Dn ~» PC «— next instr

Dn +-= Dn x theOperandw(src) RTS ~ PC <~ MEM]SP|
CCR <% setCC(Dn x src) SP <& SPH4
DIVS src,Dn ~ PC «— next instr. LEA src,An ~» PC «— next instr.
Dn « rem quot An «— theAddress(src)
CCR <>~ setCC(Dn / src)

whererem = rema.mder of Dn / theOperandy (src)
quot = integer result of Dn / theOperandy(src)
PEA sr¢ ~ PC +— next ins

w

-
=1
7
o

L sp4
MEM(SP] - theAddress(src)
BRA address ~ PC «— address

ADDA src,An ~» PC «— next instr.
Bcc address ~ PC ~—— next instr.,if cc does not hold An <~ An + theOperand, (snc)
PC «— address,if cc does hold

-

!
| [




Figure 12: Handbook of Mathematics page 20 (left) and page 21 (right)
[image: image13.jpg]LINK An,d ~ PC +~— next instr. 3 viour of setCC(result)
gl 4 setCC(result) sets the condition codes (N,Z,C,V,X) according to the outcome
MEM[SPl & An of the operation (move, add, subtract, etc.) that produced the result.
An ~= SP
SP «— SP+d 15.4 Definition of co deSize(sizeCode)
deSize(B) = 1
codech(W) 2

UNLK An ~ PC «— next instr.

. codeSize(L) = 4
SP +— An
An <~ MEM(SP)
SP -~ SP+4
16 Java to Assembler translation
: % T
15.1 Behaviour of theOperand,(operand) et op
' Assembler Preamble
= theOperand, (#value) = value 3:(; :A'(r;zl-:(é
heOperand,(Dn) = Dn Dcl gldecl-1 ;]
| theOperand, (address) = MEM [address| decl-i ; '
\ theOperand,((An)) = MEM [An] :
D loaldecl-n
theOperand,(d(An)) = MEM|An + d| Progog decl-n ; = oae; g}(I;GISEG el
SP «— SP — codeSize(s) stmt-1 ; Sp
h - = LEA #INITSP,
theOperand, (= (SP)) { MEMIsP) : NK £6,0
MEM |sp) stmt-k ; [stmt-1 ;]
' theO d,((sP)+) = mtcG1e
| £Qperand, (BH%) { +~—— SP + codeSize(s) Z
\ Stmtggletnt=k ]
. END
s 15, aviour of theAddress(operand)
theAddress(addr address
theAddress( (An) ) An
theAddress(d(An)) = An+
22





Figure 13: Handbook of Mathematics page 22 (left) and page 23 (right)
[image: image14.jpg]6.2 Definition of Declce Local variable declarations

ype requires 32bits or less: bocDeclc(;(i)[param] L VabEQU deis4

LocDeclgg(—1)[int locvar ;] = 1lab EQU -(4#i)
where

-

Declarations where the t
Declggltype name ;] = label DC.sc 0

Declggltype name = value ;] = label DC.sc jval

e plab = newLabelcg|[paran)

y

label = newLabelgg[name] DA Beviaval [iocvar)
sc = typeSizeCodecg[typel

jval = constog [value]

Declarations where the type is 64bits: 16.3 Definition of Stmtcg

Assignment wher ne is 22hbit 0]
Declgg[type name ;] { St II: Y ASSIgT 4!
Stmtec[dest = value;] =
Dedl o [oyps mimb s yatuss]) = label DC.L vparti . [cc:lc:[t g b:e-] 3 OVE.sc #jv al.dlab
CG g DC.L vpart2 mtog[dest = varia e;] = MOVE.sc slab,dl
where Stmtcg[dest = expression;] = { Exprcclexpressmn]
label = newLabelgg[name] sc (SP)+,dlab
vpartl = quadPart1 g [value] here :
vparti = quadPart2cg[value] sc = typeSizeCodecg[dest]
dlab = labelOfgg[dest]
Declaration of (int) typed method: jval const, G[V ue]
flab LINK A6,-4m slab la cglvariable]
static int fun POCDeCICG(l)[p' il 2
(int py, .., int pn) § Assignment where the destination type is 64bits:
{ LOCDeCICG(n)[P“ ! MOVE.L #vparti,dlab
: LocDeclgg(—1)[decl; ; ‘ = e e
ah : cotmlee o) A R clestinoatue ;] = { MOVE.L #vpart2,dlab+
: I ; MOVE.L slab,dlab
Declgg | declm; = { LocDeclgg(-m)[decim ;] ' Stmtog[dest = variable ;| = {
stmt-1 ; StthG[stmt-i i1 ; ] MOVE.L slab+4,dlab+4
where
stmt-k Stmtc [stmt-k ;] vparti quadPart1 g [value]
return expr ; EXPTCG[expr] vparti = quadPart2 CG[value]
} MOVF- L (SP)+,roff (A6) dlab = labelOfcgldest]
RT slab — labelOfgglvariable]
where f1 Label~~[funl and roff = 4(n + 2

O NG
e e I S TR A R ] e L




Figure 14: Handbook of Mathematics page 24 (left) and page 25 (right)
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Figure 15: Handbook of Mathematics page 26 (left) and page 27 (right)
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typeSluCodoeq[how‘] -
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typeSizeCode [short] =
typeSizeCodegg [byte] = |
cypesm%deeq[cw] = B ‘
typeSiuCodm@[bcaloul] - A e
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1%

quadPart]gg [value] = higher longword of [value]
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notCondBranchgg el == 02] =

JabelOf o [globalvar] = labe

labelOfCG |param] 1abel (As)
labeIOIC [localvar] = 1abel(A6)
h ere

H

= label assigned by newLabelgg

" notCondBranchgg[const] = BEQ

notCondBranchgg[var] = BEQ
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CondBranchgglel = e2] = B
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Figure 16: Handbook of Mathematics page 28 (left) and page 29 (right)
[image: image17.jpg]Peephole Optimisations
In what follows, multiple {nstructions are given on a single line, seperated by
| semi-colons, §0
instri jlabel2 instr2 ; instr3

would appear in an assembly file as

instrl

i label2 instr2

instr3

1. Redundant Push-Pop E. P) ; MOVE.s (SP+),dst ~
MOVE.s src,dst

~
a
-

2. Redundant Move MOVE.s src,src ~ NOP or nothing
3. Labelled No-Op. label NOP ; instr ~ label instr

4. Move Zero. MOVE.s #0,dest ~ CLR.s dest





Figure 17: Handbook of Mathematics page 30 (left)
